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One of the important obstacles in the image-based analysis of the human face is the 3D nature of the
problem and the 2D nature of most imaging systems used for biometric applications. Due to this, accuracy
is strongly influenced by the viewpoint of the images, being frontal views the most thoroughly studied.
However, when fully automatic face analysis systems are designed, capturing frontal-view images cannot
be guaranteed. Examples of this situation can be found in surveillance systems, car driver images or
whenever there are architectural constraints that prevent from placing a camera frontal to the subject.
Taking advantage of the fact that most facial features lie approximately on the same plane, we propose the
use of projective geometry across different views. An active shape model constructed with frontal-view
images can then be directly applied to the segmentation of pictures taken from other viewpoints. The pro-
posed extension demonstrates being significantly more invariant than the standard approach. Validation
of the method is presented in 360 images from the AV@CAR database, systematically divided into three
different rotations (to both sides), as well as upper and lower views due to nodding. The presented tests
are among the largest quantitative results reported to date in face segmentation under varying poses.

© 2009 Elsevier Ltd. All rights reserved.

1. Introduction

Facial images present large changes in shape and appearance
when the relative angle between the camera and the face is modi-
fied. This 3D nature of the head is further complicated by the non-
rigid motion it can involve. Several works tackle pose variation by
learning the relationships between different views. Fan et al. [18]
learnt a pose change model from example images. A Gaussian skin-
color model is used to coarsely detect faces under varying view-
points and a feature-based strategy provides further refinement and
rejection to false alarms. Beymer et al. [3] and Sanderson et al. [45]
learnt prior information of the face from multiple 2D views of a pro-
totype training set. This allows that, at a later stage, a single view
per person would be enough to train a face recognition system. The
transformation between different views is handled by optical flow
warping in [3], while in [45] the authors used maximum likelihood
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linear regression (MLLR) and standard multivariate linear regression
(LinReg). In the MLLR approach, a generic face model is constructed
for each viewpoint (similar to the universal background model used
in speech recognition [29]).

Another successful strategy to deal with pose changes has been
the use of specific points to construct a graph representation of the
face [31,57]. At each point, Gabor features are computed and the
recognition is cast as a graph matching problem. These methods ac-
count for recognition under varying viewpoint as long as such views
are present in the training set. A similar idea was proposed by Mau-
rer et al. [34]. However, in this case the authors propose an interest-
ing transformation between the faces at different poses by assuming
that a (small) neighborhood of the nodes is planar. They notice that,
under such assumption, the transformation of the jets becomes a
purely geometric problem. Their method needs the normals to the
graph nodes on the image and an estimation of the rotation angles of
the face. They address these problems only partially, by means of a
learning strategy from a multiple-pose training set. This constitutes
the main drawback of their method.

1.1. Statistical models for multiple facial views

Another group of approaches can be identified as based on sta-
tistical models. As a general rule the models for facial images are
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bi-dimensional and cannot handle large pose variations. Combin-
ing a number of them to extend their viewpoint range has been a
popular solution: multiple face templates [2], view-based eigenfaces
[37] view-based active appearance models (AAMs) [14,11] and view-
based direct appearance models [60] are some examples. This idea
is followed also by Li et al. [27] and Xin et al. [59]: the whole range
of views from frontal to side views is partitioned to construct sepa-
rated statistical models. The model to be used for an unknown image
is determined with the help of a multi-view face detector [62].

The use of a single statistical model to deal with the whole range
of views was proposed by Romdhani et al. [42,43]. They used KPCA
(kernel principal component analysis) to make the point distribution
model non-linear and added the viewing angle as an additional pa-
rameter to the landmarks vector. Du and Lin [17] presented a multi-
view face synthesis method based on the non-linear generalization
of bi-linear factorization models, which were trained to stand for
two different factors: human identity and head pose. The face de-
scription was based on AAMs and, after training with a multi-view
database, they were able to generate unseen views from a single 2D
image.

Wan et al. [55] proposed a different extension of active shape
models (ASMs) [12]. They divide the facial shape into two parts: the
face contour and the remaining facial features (eyes, brows, mouth
and nose), based on the observation that they are not affected in
the same way under perspective transformations. The two parts are
modeled separately, linking them by a cost function to ensure they
still represent a (plausible) human face. In other words, the authors
aim at providing more flexibility to the facial shape by softening the
link between two parts that behave differently when varying the
viewpoint.

The differences found by Wan et al. [55] for the behavior of the
face contour with respect to the rest of the face can be explained
based on projective geometry concepts [22]: the points describ-
ing the shape of eyes, brows, nose and mouth are approximately
coplanar, while the points of the contour are not [47]. The coplanar
approximation was also used by Black et al. [5], combined with
curvature models to estimate facial motion based on optical
flow.

1.2. Approaches based on projective geometry

Projective geometry theory was used by Dias and Buxton [8,15]
to deal with the alignment of shapes under different viewpoints in
ASMs. By restricting themselves to affine imaging conditions, the
authors propose a method to remove pose variation based on two
reference views, appropriately selected from a multi-view dataset.
Their integrated shape and pose model is presented as an extension
to the linear combination of views (LCV) [53] under affine condi-
tions. An important point in the work of Dias and Buxton [15] is the
selection of a subset of facial landmarks (although manually) for the
alignment, based on the observation that the face is not a rigid ob-
ject and substantial shape differences may be present in the different
views to be aligned.

Projective geometry was also used in several works for determin-
ing head pose. Wong et al. [56] exploited the vanishing point of the
eyes- and mouth-line to derive the 3D pose of the head, assuming a
single (but calibrated) view. Ratio and length parameters, however,
must be learned from a training set. Gee and Cipolla [19] estimated
facial orientation based on knowledge of the individual face geom-
etry. They used the tip of the nose and the four eye-corners, which
they assume collinear in 3D. A similar approach can be found in the
work of Horprasert et al. [23]. It is interesting how their solution to
determine the yaw angle depends only on the relative distances of
the four corners of the eyes and the focal length of the camera while
for the pitch angle they have to use typical anthropometric data.

1.3. 3D face models

More sophisticated solutions tackle the problem by dealing with
a 3D model of the face. One of the most successful approaches
is the morphable model [6], in which a large dataset of 3D face
scans containing both geometric and textural information are used to
construct a 3D face model coined multidimensional morphing func-
tion. The main drawback of 3D approaches is related to their com-
putational load and imaging systems considerably more expensive
than their 2D counterparts and with some sensitivity issues in the
capturing process [41].

There are also some approaches half way between 2D and 3D,
which derive 3D shape models from multiple 2D views but perform
the image search in 2D. This is the strategy followed by Xiao et al.
[58] and Mathews et al. [33], both based on AAMs; and by Li et al.
[28] who jointly optimize overall appearance, local appearance
(around landmarks), and the difference to the previous frame (when
tracking). An interesting point in the combined loss function of Li et
al. [28] is the introduction of a visibility weight for the appearance
of each landmark, which depends on pose (based on the normal to
the landmark in the 3D shape). The method was reported to behave
reliably in the range of [−70, 70]◦ in yaw although no quantitative
results were provided. Also Tong et al. [52] combined 2D and 3D:
the authors assume that a 3D model is available and use it to esti-
mate head pose. Then, the pose of the model is corrected using an
affine approximation.

1.4. Contribution

A common drawback of all the above techniques is that they
need somehow large databases to construct the facial models. Even
in [3,45], where the use of a single training-view per person is inves-
tigated, there is the need for a multi-view database from which to
learn prior information about pose changes. These databases must
be, in general, manually segmented and annotated, which is time
consuming, tedious and subjective. On the other hand, frontal-view
facial databases are more commonly available and some of them are
already annotated [24,36].

Taking advantage of this, and by means of projective geometry,
we replace the 2D similarity transformation relating image and
model coordinates in ASMs by a homography-based alignment,
which will allow for the segmentation of faces under pose vari-
ations based on a model trained only with a database of frontal
views. A coplanarity condition of the facial template is enforced by
excluding landmark points from the contour of the face silhouette
and half the nose points. Additionally, as the angles and length
ratios are not preserved under perspective projection, the sampling
locations for the local intensity profiles are computed in model
coordinates and then mapped into the image by the homographic
transformation. The allowed angles are restricted to views on which
both eyes can be seen. As long as this is fulfilled, the method
can process poses that include any combination of out-of-plane
rotations.

The proposed method can be employed even when the distance
from the camera to the face is small and parallelism is lost due to
perspective projections. This pose-variant effect cannot be captured
by affine approximations even if planar objects are observed [22].
The projective shape model avoids this difficulty, which makes our
approach especially useful for some access control points, images
of drivers taken within a car [39], or whenever the face must be
captured under constrained and/or variable viewpoints.

We give an overview of ASMs in Section 2 and present our projec-
tive extension to it in Section 3. Several experiments are presented
to demonstrate the proposed technique. Firstly, we investigate the
optimal subsets of landmarks for multi-view projective alignment in
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Section 4. In Section 5 the projective ASM is used for segmentation
and Section 6 concludes this paper.

2. Active shape models

Active shape models (ASMs) are based on the combination of
a point distribution model (PDM) plus a local image appearance
model around each of its points (landmarks). The PDM is constructed
(trained) by applying PCA to the aligned set of shapes, each repre-
sented by landmarks. In our PDM, we use 98 landmarks, distributed
over the face as shown in Fig. 1. The training shapes ui and their
model representation bi(i = 1, . . . ,NI) are related by the mean shape
u and the eigenvector matrix U:

bi =UT (ui − u) (1)

ui = u +Ubi (2)

Under the assumption of Gaussianity, each component of the bi vec-
tors is constrained to ensure that only valid shapes are represented:

|b(m)
i | ��

√
�m, 1� i�NI , 1�m�M (3)

where � is a regularization constant, usually set between 1 and 3,
according to the degree of flexibility desired in the shape model, M
is the number of retained eigenvectors and �m are the eigenvalues
of the covariance matrix (see [12] for details).

The intensity model is constructed by computing second order
statistics for the normalized image gradients, sampled at each side
of the landmarks, perpendicularly to the shape's contour, usually
known as intensity profile.

During matching, when the model is expected to automatically
segment a non-landmarked face image, a number of intensity profiles
are sampled over each of the currently estimated landmark positions.
The profile with the lowest Mahalanobis distance to the mean profile
for that landmark is assumed to be themost likely landmark location,
and serves as updated input for the PDM.

2.1. Shape alignment

As stated above, the shapes in the training set must be aligned
before applying PCA. Cootes et al. [12] used Procrustes analysis to
this end, thus minimizing the square sum of distances to the mean
shape by means of a similarity transformation [21]. Therefore, dur-
ing both the training and the matching processes, the input points
expressed in image coordinates (stored in shape vi) are aligned into
a normalized coordinate system (denoted by ui)

ui = sRvi + t (4)

Fig. 1. Sample image from the AR database [32] with the 98-point annotation
template superimposed (left), and the same shape alone (right). The highlighted
points are approximately coplanar and can be aligned by homographies through
different views [47].

Here, R is a 2 × 2 Euclidean rotation matrix, t is the translation
vector and s is the scale factor, all of them found by aligning1 vi to
the mean shape u.

During the matching process, the image points are projected into
this normalized system, the model coordinate frame, and the closest
valid shape to them (ûi) is obtained from (1) to (3). Finally, ûi is
projected back to image coordinates by inverting (4).

3. Projective active shape model (PASM)

It is well known from projective geometry [22] that different
views of a plane can be mapped to each other through a 2D ho-
mography matrix without the need for 3D information of the points.
Therefore, if the PDM is constructed with a subset of the landmarks
that can be considered coplanar, its points could bemapped to differ-
ent views by means of a 2D homography. For example, Fig. 1 shows
the subset of 67 coplanar points from our 98-point template. Notice
that the silhouette contour and half of the nose must be excluded
(see [47]).

In order to work with projective geometry, homogeneous coordi-
nates must be used to represent the shapes. Then, the 2L component
vector ui becomes a matrix Ui of size 3× L. Since there are no land-
marks at infinity, the first two rows of Ui are set to the 2D x and y
components so that the third is the unity:

Ui =

⎡
⎢⎢⎣
x(1)i x(2)i . . . x(L)i

y(1)i y(2)i . . . y(L)i

1 1 . . . 1

⎤
⎥⎥⎦ (5)

The homography estimation can be solved by applying the direct
linear transformation (DLT) algorithm [22] to a set of point cor-
respondences between the shapes to align. Similarly to Procrustes
alignment, this algorithmminimizes the square sum of distances, but
is able to recover any kind of projective transformation. This makes
possible the alignment of 3D rotations not contained in the image
plane (for coplanar objects).

Let Vi be the landmarks for an image captured from a generic
viewpoint. Its corresponding coordinatesUi in themodel coordinates
frame are

Ui = HVi (6)

In the DLT algorithm, the rows of H are split into a nine-
component vector h, such that the system resulting from Ui×HVi=0
can be written as Ah = 0. The solution is found by solving for the
null space of A [22].

3.1. Homography for non-rigid objects

An important aspect when dealing with non-rigid objects is the
need for separating shape variations due to intrinsic and extrinsic
factors. A clear example is, again, the human face. When aligning
two faces captured under different viewpoints, the computation
of the homography between them may be affected by their facial
expression and identity. This problem motivated firstly Dias and
Buxton [15] and recently Tong et al. [52] to align different views
from a subset of facial landmarks. Their experiments showed the
usefulness of this approach, although they chose the subset man-
ually, mostly justified by the intuitive fact that nose points should
not have strong non-rigid motion.

With the help of annotated shapes from facial databases, we pro-
pose to determine such a subset from a statistical study. Let {Hj}NV

j=1 be

1 Notice there is some abuse of notation in (4) and the transformation must
be applied to each (x, y) pair independently.
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a set of NV homographies representing suitable transformations be-
tween different views of the object class under study, which possess
non-rigid motion [1,5]. These objects are represented by a (copla-
nar) set of landmarks in homogeneous coordinates, as indicated in
the previous section.

Additionally, let {UF,KF} be the eigenvector and eigenvalue
matrices obtained by applying PCA to a single-view database (e.g.
frontal) containing representative non-rigid deformations of the
object class. By randomly sampling this PCA space, a number NF of
synthetic instances Usth

i of the object class can be generated, say

{Usth
i }NF

i=1. Hence, {Vsth
ij =H−1

j Usth
i } is a set of NV×NF synthetic instances

of the class of objects under study containing shape changes due to
non-rigid motion and viewpoint variations (all mixed together).

For each shape {Vsth
ij } a homography Ĥj is computed by aligning

it to the mean shape of the single-view database, say UF . This ho-
mography, however, is computed by using just a subset of the avail-
able landmarks. If the chosen subset is not affected by the non-rigid
motion, then Ĥj will be a good estimation of Hj. By repeating this
process with different subsets of points, it is possible to determine
the best subset of points to be used for the alignment.

A further refinement can be applied to take into account the lo-
calization error intrinsic to each landmark. In fact, the segmentation
accuracy of statistical shape models usually presents strong varia-
tions across different landmarks (see [7,48]). Instead of aligning each
{Vsth

ij } to UF , a distorted version ÛF should be used:

ÛF = UF +

⎡
⎢⎣

�(1)
x �(2)

x . . . �(L)
x

�(1)
y �(2)

y . . . �(L)
y

1 1 . . . 1

⎤
⎥⎦ (7)

where �(k)
x and �(k)

y are the x and y displacements, obtained by ran-
domly sampling the distribution of the localization error estimated
for the k-th landmark. Such distributions can be estimated experi-
mentally by segmentation tests on the frontal dataset. Algorithm 1
summarizes the procedure. From an algorithmic point of view, the
distance drr is any metric suitable to compare homographies (lines
12 and 13). The choice made for drr will be explained in detail in
Section 4.2.

3.2. Intensity model

The extension of the shape models to work with different views
has important effects on the intensity model, since the angles and
length ratios between model and image coordinates are no longer
preserved (as they were under similarity alignment). This implies
that the normal directions to the contours of the shape will be view-
point dependent, as well as the spacing among the points sampled
for the intensity profiles. This problem can be addressed by generat-
ing the sampling locations for the profiles in model coordinates. Sub-
sequently, each point is converted into image coordinates by means
of the inverse homographic transformation H−1 and image intensi-
ties are then sampled therefrom.

4. Experiments on alignment of point subsets

In this section we address the estimation of the homography
between different views due to the non-rigid motion of the face.
The problem can be stated as follows: which is the subset of points
(among all available facial landmarks) that best estimates the pro-
jective transformation between different views?

We start by introducing the datasets that were used in Section
4.1 and then discuss about the way to measure how well a projective
transformation is estimated in Section 4.2. Once these preliminary
aspects are covered, we report the performance obtained by different

landmark subsets. Firstly when the position of landmarks is known
exactly (Section 4.3) and later on when their position contains some
uncertainty, so that the experiments are closer to the real situation
in ASM-based segmentation (Section 4.4).

Algorithm 1. Choice of the best subset of landmarks for alignment.

1: input: NV homographies relating different viewpoints, {Hj}NV
j=1

2: input: NF shapes Usth
i from a frontal PDM defined by {UF,KF}

3: input: Estimated distribution of the localization error
expected for every landmark (to sample �(k)

x and �(k)
y )

4: Initialize dmin
rr = inf and best subset lbest = {}

5: for (every landmark subset) ltest do
6: Initialize dtestrr = 0
7: for (all synthesized frontal shapes) i = 1 to NF do
8: for (all homographies) j = 1 to NV do
9: Compute Vsth

ij = H−1
j Usth

i

10: Randomly sample �(k)
x and �(k)

y for landmarks
k ∈ ltest and compute ÛF from (7)

11: Compute Ĥ by solving ÛF × ĤVsth
ij = 0 using only

the landmarks k ∈ ltest

12 Calculate the distance between the estimated and
true homographies, drr(Hj, Ĥ)

13: Update dtestrr = dtestrr + drr(Hj, Ĥ)
14: end for
15: end for
16: if dtestrr <dmin

rr then
17: Update dmin

rr = dtestrr and lbest = ltest

18: end if
19: end for
20: output: Best subset for alignment, lbest

4.1. Facial datasets

The method proposed in Section 3.1 requires two inputs: a set of
homographies {Hj}NV

j=1 representing suitable viewpoint transforma-
tions, and an eigenspace {UF,KF} from a single-viewpoint dataset
showing representative shape variations from all other factors but
viewpoint.

The set of homographies was computed from the AV@CAR
database [39]. The variable-viewpoint dataset (VVDS) from this
database contains 360 manually annotated pictures. For each of the
40 users there are nine pictures: one frontal, three left-views, three
right-views, one facing up and one facing down.

The 40 frontal shapes were used to compute a frontal PDM, and
all shapes of the VVDS were fitted by this model using homographic
alignment (as in [47]). Hence, a set of 360 representative homogra-
phies was obtained.

The single viewpoint dataset was constructed by combining 532
shapes from the AR database [32] and 546 shapes from the Equinox
database [46], described in [49]. Both databases show frontal shots,
with considerable expression variability and only residual viewpoint
changes. The resulting dataset, of 1078 shapes, allowed constructing
a frontal eigenspace with an important amount of variability in facial
expression and identity.

4.2. Evaluating point subsets

In order to compare the goodness of the different estimations of
{Hj}NV

j=1 some metric must be adopted. The performance of homo-
graphies is generally evaluated with the objective of improving the
fitting between (noisy) sets of points [22,10]. However, our problem
is slightly different. The exact transformation is known, and its best
estimate is not necessarily the one that best fits the image points.



F.M. Sukno et al. / Pattern Recognition 43 (2010) 835 -- 849 839

Fig. 2. On the left, the mean shape U and a reference rectangle, P, enclosing it. On the right, a face with the mouth opened under a (synthesized) different viewpoint than the
mean. The non-rigid motion makes the estimated homography, Ĥ, different from the real viewpoint change, H, as it can be seen when transforming the reference rectangle.

Fig. 3. The 200 best subsets of four landmarks to estimate left–right rotations when the position of each point is assumed to be known exactly (noiseless). Each row shows
the four selected landmarks, sorted from best to worse according to drr as defined in (8). There is little or no statistical significance for the difference between subsets
closer than 30 rows.

An indicative example is showed in Fig. 2; the mean shape U was
deformed by the frontal PDM (+UFb) and projected onto a different
viewpoint by inverting the synthetic homography H. Then, the esti-
mation Ĥ was computed by projectively aligning H−1(U+UFb) with
U. Formally, we solved for U × ĤH−1(U +UFb) = 0.

The difference between H and Ĥ is illustrated by transforming a
reference rectangle,2 denoted by P. This rectangle is the bounding
box enclosing the mean shape (in the frontal-view), and is represen-
tative of the facial plane. Comparing P and H−1P in Fig. 2, it is evi-
dent that the transformation H mainly represents a head rotation to
the left. However, since the mouth became opened, the points be-
tween H−1(U+UFb) and Ĥ−1U fit better by adding a facing-up effect
in Ĥ−1 (so that the mouth is imaged bigger).

The difference between H−1P and Ĥ−1P is useful to understand
the concept, but it is not appropriate as a quantitative measure,
since it suffers the same disadvantages as the error in one image
[10]. However, this is easily solved by projecting Ĥ−1P back onto
the reference view (the one of the mean). The resulting metric, drr ,
is then

drr(H, Ĥ) = d(HĤ−1P,P) + d(ĤH−1P,P) (8)

2 Although the rectangle is used in the explanation for the sake of simplicity,
a rectangular grid was actually implemented. This prevents that its corners have a
larger influence on the estimation than the central region.

where d(·) is some point-based distance (e.g. Euclidean), and the
second term is added to force drr(H, Ĥ) = drr(Ĥ,H). Notice that this
metric resembles the symmetric transfer error [22], but it is adapted
to our special needs.

4.3. Optimal point subset with exact landmark localization

In this section we report the results obtained on the estimation
of projective transformations for facial images under pose changes,
assuming the positions of all landmarks are known exactly (noiseless
case). That is, �(j)

x = 0 and �(j)
y = 0, ∀j in (7). The frontal eigenspace

described in Section 4.1 was randomly sampled (assuming Gaussian
distribution according to KF) and combined with the homographies
estimated from the VVDS. For each homography, a total of 50 random
shape instances were generated, resulting in a synthetic dataset of
18,000 shapes. The experiments were split into left-right rotations
(14,000 shapes) and up–down nodding (6000 shapes). Notice that the
40 homographies corresponding to the frontal shot were included
in both cases.

As a 2D-homography has 8 degrees of freedom (dof), the smallest
subset of landmarks that can be evaluated contains four points. In
order to determine the best four-point subset an exhaustive search
was performed among all landmarks in the template (� 766, 000
combinations). Figs. 3 and 4 illustrate the results of this search. The
best four landmarks to estimate left–right head rotation were found
to be the two points of the lower lip closest to the corners of the
mouth (numbers 20 and 24 on the template) and two points on the
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lower contour of the eyebrows. However, there were approximately
30 subsets which achieved very similar performance, without sta-
tistically significant difference among them. In fact, the difference of
drr between the first and the last rows of Fig. 3 was slightly above
3.9%, while the standard error was around ±0.5%.

In spite of the many subsets with similar performance, all of them
were composed by two points of the mouth and one of each eye
or eyebrow. Regarding the mouth, there was a clear prevalence of
points 20 and 24 on the lower lip (see Fig. 4), but the two corners of
the mouth were also chosen several times within the best 200. As
opposed to that, the points on the eyes and eyebrows offered more
variability and it was not possible to detect a clear prevalence of any
pair of the points.

Starting from the best subset of four points, the remaining were
added one at a time by means of a sequential forward selection [26]
until all points were included. The average and standard error for
drr are shown in Fig. 5. All values were divided by the average drr
obtained using all landmarks under noiseless conditions for left–right
rotation: �(j)

x = 0 and �(j)
y = 0, ∀j in (7).

Fig. 4. Best four points for the estimation of homographies in left–right head rotation
(triangles). Other points included within the 200 best subsets of four points are
also shown (circles). The colors indicate the number of times that each point was
selected within the best 200 subsets, according to the scale indicated on the right.

Fig. 5. Average error in the estimation of homographies for left–right rotations and up–down nodding of the head estimated from different number of landmarks. The
average and standard errors of drr are shown without taking into account the localization accuracy of the landmarks (Section 4.3). The values are divided by the error
achieved when all landmarks are used in the left–right rotation experiment.

It can be seen that using only 7–8 landmarks it was possible to
achieve the same performance obtained when using all landmarks.
Furthermore, the best estimation of the homographies was achieved
for a subset containing between 30 and 40 landmarks (average drr �
0.85 in Fig. 5). Theworse landmarks (the ones not selected within the
best subset) belong mainly to the lower lip of the mouth. All other
regions contribute to this set in roughly equal proportions among
them.

Regarding up–down nodding, the results of selecting the best
four landmarks were completely analogous to the experiments for
left–right rotations. However, as shown in Fig. 5, nodding produced
lower errors in the estimation of the homographies than lateral head
rotations.

4.4. Optimal point subset with uncertain landmark localization

Until now we have assumed that the position of each landmark
is known exactly. This is not the case during the matching process
of ASMs, as the positions of landmarks are searched for in the image
based on the intensity model, introducing some uncertainty that can
be thought of as noise. This noise is inversely proportional to the
localization accuracy of the segmentation algorithm.

Fig. 6 shows the average drr with and without taking into account
the expected localization accuracy for each landmark. This accuracy
was modeled from (previous) segmentation experiments where the
1078 images from AR and Equinox datasets described above were
segmented using ASM [49]. Comparing the results to manual annota-
tions, the distribution of the localization error was estimated for each
landmark. The distribution of localization errors, when estimated
separately for the x and y coordinates, was approximately Gaussian,
with means within ±2 pixels and standard deviations ranging from
3 to 9 pixels, depending on the analyzed landmark. The values for
�(j)

x and �(j)
y in (7) were obtained by randomly sampling those dis-

tributions.
Then, the experiments from the previous section were repeated,

but instead of aligning the synthetic shapes to the actual meanshape,
UF , a noisy version of it was used (ÛF) in (7). Recall that ÛF is not
unique, since �(j)

x and �(j)
y were randomly sampled and then each

synthetic shape is aligned to the mean with a different set of x and
y displacements, as showed in lines 10–12 of Algorithm 1.



F.M. Sukno et al. / Pattern Recognition 43 (2010) 835 -- 849 841

Fig. 6. Average error in the estimation of homographies for left–right head rotations estimated from different number of landmarks. The average and standard errors of drr

are shown with and without taking into account the localization accuracy of the landmarks (Sections 4.3 and 4.4, respectively). The values are divided by the performance
achieved when all landmarks are used without any localization error.

As Fig. 6 shows, the inaccurate localization of the points consid-
erably increased the error in the estimation of the homographies.
Additionally, the optimal subset included almost all landmarks and
there was little benefit in excluding some of them. The best subset
of four points was the same as the one for the noiseless case. How-
ever, there were less combinations of points achieving results close
to the best set. Such combinations were again formed by two points
of the mouth plus two points of the eyebrows or the eyes.

4.5. Conclusions and model initialization

The results presented in the previous sections show that the non-
rigid motion of the face can affect the performance of shape align-
ment. By aligning with just a subset of the landmarks it is possible
to improve the results of the alignment, as long as they are pre-
cisely located (see Fig. 5). In such a case, the optimal alignment was
obtained with about 30 landmarks from a template containing 67
points. Furthermore, the errors in the estimation of viewpoint change
due to left–right rotations were considerably higher than those due
to up–down nodding.

If the localization of the landmarks is performed with large un-
certainty, then more points are required so that the redundancy
compensates for the noisy coordinates of the landmarks. From an
estimate of the precision expected for the ASM-based segmentation
[49], the optimal alignment was obtained by using almost all of the
points in the template (see Fig. 6). Therefore, the alignment step of
the ASM algorithm can be applied to all landmarks without the risk
of important drops in performance.

A different problem arises when deciding about initialization.
When the model must be applied to a new image, a first guess of the
face position is required. When images are captured from a frontal
viewpoint, a rectangle roughly enclosing the face is usually enough.
But the presence of multiple viewpoints requires more detailed in-
formation. One option is the use of feature finders to get the posi-
tion of certain key points. Going back to Fig. 5 it can be seen that
7 or 8 points may be enough to achieve the same performance as
if all landmarks would be known. But those points are not suitable
to be easily localized by feature finders. They are probably well de-
fined in our 67-point template, but do not correspond to anatomical
landmarks [16].

Fig. 7. Best seven points for the initialization of homographies under head rotations
and nodding (triangles), from a reduced set of biological landmarks, suitable to be
detected by feature finders. The other candidate landmarks that were not selected
are also displayed (circles).

To define our initialization set we repeated the experiment of
Section 4.3 with a reduced set of candidate points, suitable to be lo-
cated by common feature finders [40,30,61,50,9,25]. All the 18,000
shapes were used in a single combined experiment. The 14 candi-
dates are shown in Fig. 7, together with the best initialization subset,
which consisted in 7 points.

5. Experiments on segmentation

In this section we evaluated the influence of the proposed projec-
tive alignment in the segmentation accuracy of ASMs. The datasets
used to this goal were the same described in Section 4.1.
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Fig. 8. Segmentation results on AV@CAR dataset grouped by viewpoint: left–right head rotations (L/R) at approximately 20◦ , 40◦ and 60◦; frontal views (F) and up–down
nodding (U/D). Both ASM and PASM models were constructed with a frontal-view dataset from AR and Equinox databases.

Fig. 9. Four iterations of the PASM in a diverging example. At each iteration the image is presented with the estimated shape (in black) and reference rectangle (in white)
as defined in Section 4.2.

5.1. Single-viewpoint model

The main hypothesis of this work is that a homographic align-
ment allows enhancing the accuracy of ASMs when used to segment
different views from those of the training set. To evaluate this, two
models were constructed with the 1078 images (and shapes) of the
frontal dataset: one using similarity alignment (ASM) and the other
using projective alignment (PASM). Then, the models were used to
segment the 360 images of the variable-viewpoint dataset (VVDS)

and the results were compared to manual annotations by computing
the point-to-curve distance.

Both models were constructed with three resolution levels (to
enhance capture range) and by using the same parameters detailed
in [49]. During segmentation, all landmarks were used for alignment
and both models were initialized with the position of the seven
landmarks selected in Section 4.5.

The results of this experiment are shown in Fig. 8. For each view-
point a separate boxplot [54,35] was computed, including a 95%
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Fig. 10. Segmentation results with frontal-view models on AV@CAR dataset grouped by viewpoint: left–right head rotations (L/R) at approximately 20◦ , 40◦ and 60◦; frontal
views (F) and up–down nodding (U/D). Both ASM and PASM models were aligned by keeping track of all previous correspondences.

Fig. 11. Example of a profile-view image segmented using models constructed with frontal views only: similarity aligned ASM (left) and projective ASM (right).

confidence interval for the median. It can be seen that the PASM
had lower median than ASM for all tested views. This difference
tends to grow as the rotation angle of the head increases, becoming
statistically significant at 40◦ and above.

On the other hand, PASM produced more outliers, whose seg-
mentation error was considerably higher than the outliers of ASM
(note the logarithmic scale of the vertical axis in Fig. 8). Indeed, the
8 degrees of freedom (dof) of a homography make PASM more sen-
sitive to mistakes in the image model than ASM, whose similarity
transformation has only 4 dof.

An illustrative example is provided in Fig. 9. After a few iterations
the model has lost track of the right eyebrow and some of its points
lie on the white background. Therefore, no suitable candidates can
be found (by the image model) for the eyebrow in the next iterations
and its position is guided randomly by some background noise or
shadows. Under similarity transformations the other face landmarks
would prevent the eyebrow to get too far (in the worse case there
would be a steady growth of thewhole facial size). But with 8 degrees
of freedom (dof) the distorted shape of iterations 9 and 11 may be
a plausible face due to an extreme camera viewpoint. Hence, that
set of points becomes a plausible shape and the model diverges far
from the actual face.

5.1.1. Constraining the transformations
A quick analysis of the outliers produced by PASM in Fig. 8 shows

that many of them could be easily avoided. They are far from the

provided initialization and, in many cases, they are even out of the
limits of the image. Furthermore, the example of Fig. 9 suggests that
the clue to the problem is to appropriately estimate the projective
transformations.

A simple way to demonstrate this hypothesis is to keep track of
previous transformationswhen estimating the current one. That is, at
each iteration the homography relatingmodel coordinates and image
coordinates is computed from the current correspondences (6) plus
all of the previous ones. Hence, at each iteration the transformation
is refined, but not completely re-estimated. This strategy was applied
independently at each resolution level, using the result from the
previous level as initialization.

The segmentation results by applying this restriction are shown
in Fig. 10. It is clear that, if initialization can be trusted, this is a
suitable approach for PASM to discard most outliers. Additionally,
the accuracy of ASM was also improved, but only marginally since
the larger limitation in this case resides in the 4 dof of the alignment
(i.e. see Fig. 11).

Additionally, the results of Fig. 10 match the expected behav-
ior for left and right rotations, but are a bit surprising regarding
nodding. By analyzing the segmented images it was observed that
the curved appearance of the lips under such viewpoints favors an
opened mouth shape (while almost no image in the test set showed
an opened mouth). Hence, the average segmentation error of the
shape gets dominated by the error in segmenting the lips, both in
ASM and in PASM.
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Fig. 12. Median point-to-curve segmentation error on AV@CAR dataset while varying the number of points used to initialize the models. Separated curves are displayed for
the frontal views (F) and different left and right rotation angles of the head (L/R).

Fig. 12 shows the variation of the segmentation error as different
number of points are used for initialization. In the case of ASM, two
points are enough to initialize the model, while PASM requires four
points to estimate the projective transformation. However, it can be
seen that the fewer points used, the higher the segmentation error.
Moreover, this effect increases with the rotation angle of the head
(with respect to the frontal view).

5.1.2. Separating the sources of error
It is also interesting to analyze the different components con-

tributing to the segmentation error reported in the previous sections.
The overall segmentation error of ASMs (eOVL) can be separated into
two factors: the image search error (eIMS) and reconstruction error
of the point distribution model (ePDM). The first factor is essentially
due to limitations of the appearance models of each landmark when
locating candidate points on the image. The PDM reconstruction
error is due to the constrains of Eq. (3) to the model parameters.
It depends on the regularization constant � and the transformation
employed to relate image to model coordinates, T[·]. We can com-
pute the different errors as follows:

eOVL = v̂i − vi (9)

ePDM = vi − T−1[u + �bi] (10)

eIMS = v̂i − T−1[u + �bi] (11)

where vi is the ground-truth shape for the i-th image, v̂i is the shape
estimated by the model for the i-th image (both in image coordi-
nates), and u + �bi is the best PDM reconstruction for T[vi] (under
the constraints of (3)). Notice that eIMS may also be written as

eIMS = T−1[u + �b̂i] − T−1[u + �bi] (12)

u + �b̂i being the PDM reconstruction for T[v̂i], which is an exact
representation since v̂i has been generated by the model. Hence,
eIMS is the deviation of the model parameters due to imprecise image
search but it is not independent of ePDM . The overall error is the sum
of vectors eIMS and ePDM , whose relative orientation is not evident.

Fig. 13 shows the three errors for ASM and PASM for the different
viewpoints of the VVDS. It is evident that, as the head rotates to the
left or to the right, the magnitude of ePDM considerably increases,

while eIMS remains roughly the same (especially for PASM). The use
of a projective transformation does not avoid the increase of ePDM but
considerably limits it: for frontal views, the magnitudes of ePDM for
ASM and PASM differ about 10% while for 60◦ of left–right rotation
the difference becomes greater than 50%.

Fig. 13 also allows to get some insight on the high segmentation
errors for up/down head nodding. Although the PDM reconstruction
errors are not as high as those for L/R 60, the overall error for the
nodding views is dominated by the image search error, which is the
highest of all views.

It is important to emphasize that all errors shown in Fig. 13 de-
pend on the regularization constant �. If � is too small the PDM
has not enough flexibility to represent plausible shape variations,
increasing |ePDM|. For � too high the PDM can also represent non-
plausible shapes, which results in less constraints for the image
search and increases |eIMS| (see also [47]). For example, Fig. 9 can
be seen as an extreme example of such situation. The lowest seg-
mentation error is achieved for some compromise value of �, usually
between 1 and 3, that we have set to 1.5 based on [49].

5.2. Multi-viewpoint model

In this section we evaluate the case when a multi-view training
set is available. To this goal the VVDS was divided into halves (each
composed of all available views for 20 people) and 2-fold cross vali-
dation was performed. Therefore, the training and test sets were dis-
joint regarding identities, but shared the spanned viewpoints. Notice
that, as symmetry was exploited to use the same template for left
and right rotations (by mirroring it), the total rotation range covered
by the models was about 60◦.

The results are displayed in Fig. 14. Both ASM and PASM exhibit a
small performance variation between frontal view and rotations up
to 40◦. However, the segmentation error for ASM grows considerably
for views rotated 60◦, and both models get strongly affected by up
and down nodding.

It is interesting to compare these results with those of Section
5.1.1, mainly shown in Fig. 10. In both cases the plots show the seg-
mentation errors of ASM and PASM on images with different view-
point. However, in Fig. 10 the models were constructed exclusively
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Fig. 13. Median point-to-curve errors on AV@CAR dataset using frontal-view models for ASM (A) and PASM (P) and grouped by viewpoint: left–right head rotations (L/R)
at approximately 20◦ , 40◦ and 60◦; frontal views (F) and up–down nodding (U/D). The bars indicate the magnitude of three different errors: the overall segmentation error
(white), the image search error (gray) and the PDM reconstruction error (black).

Fig. 14. Segmentation results from 2-fold cross validation on AV@CAR dataset grouped by viewpoint: left–right head rotations (L/R) at approximately 20◦ , 40◦ and 60◦;
frontal views (F) and up–down nodding (U/D).

with frontal-view images, while in Fig. 14 all test views were also
available for training. Fig. 15 shows some examples from the AV@CAR
database matched with ASM and PASM using frontal-only models
and multi-view models.

Both ASM and PASM are considerably more robust to left and
right head rotations when a multi-view dataset is available. In the
case of ASM this matches the expected behavior: the similarity align-
ment cannot cope with out-of-plane rotations; hence if the PDMwas
constructed only with frontal images, the other views will have a
higher reconstruction error, as clearly shown in Fig. 13.

In the case of PASM, where a projective transformation is em-
ployed, one may expect to get the same results with frontal models
and multi-view models. However, this is not the case, and the reason
is the coplanarity assumption made about our face model, which is

only an approximation. When the model is trained only with frontal
views, the PASM finds the best coplanar representation for the given
viewpoint but the surface of the face, however, is slightly curved.
Hence, not all points lie exactly in the same plane, which can be ob-
served especially in the eyes, the mouth and the eyebrows, whose
outer corners usually lie slightly behind the rest of the points in our
PDM.

When the model is trained with multiple views, those curva-
ture effects are learnt by the PDM and complement the projective
transformation. This effect is especially clear in rows 2, 3 and 5 of
Fig. 15 (when comparing columns 2 and 4). Nonetheless, in practice
all frontal-view databases do have some (slight) pose changes [20]
which allow the PDM to capture some of the curvature effects not
covered by the projectivity.
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Fig. 15. Examples of segmentation results. Each row shows a different image segmented with four different strategies: ASM and PASM constructed only with frontal-view
images (first two columns); ASM and PASM constructed with multiple view images (3rd and 4th columns).

Finally, note that the difference between ASM and PASM is con-
siderably larger for frontal models than it is for multi-view models.
And in the latter case this difference increases as the viewpoint de-
parts from frontal, consistently with results previously reported for
ASM [42,27].

5.3. Comparison to related work

Comparison of these results to those of related work in segmen-
tation of multiple view faces is a complicated task. There are mainly
two problems that hamper such comparison: the lack of annotated
data and the absence of a standard evaluation strategy.

Regarding databases, the only annotated and publicly available
database to date is the IMM database [38]. It contains six images for
each of 40 subjects, landmarkedwith a 58-point template. Two of the
images show systematic viewpoint variation (left and right partial
profiles, mostly within ±30◦), but the angles of rotation were not
controlled and differ significantly among the different individuals.
This aspect is linked to the second problem (evaluation) and makes
the IMM database not appropriate for our needs. As it was stated

by Black et al. [4] testing algorithms with image sets that include
only a few qualitative labels for pose angles (such as frontal or 3/4
profile view) is of limited value in assessing how many degrees of
viewpoint variation the algorithms can tolerate.

Based on the above statement, published results from which the
viewpoint effect on segmentation can be quantified have been gath-
ered in Table 1 In an effort to make the comparison as fair as pos-
sible in spite of the different datasets employed, for each algorithm
we show the ratio between the performance for left and right ro-
tated views with respect to the one for frontal views (e.g. within
±10◦). This automatically discards works on which segmentation
was demonstrated only visually [28,14,58], those reporting perfor-
mance on just a few selected examples [43] or the ones not reporting
independent results for frontal and profile views [18,63]. Nodding
results were not compared since, to the best of our knowledge, no
results are available but the ones on this paper.

The results for the first two algorithms of the table are those of
this paper. They correspond to the mean point-to-curve segmenta-
tion error (P2CSE) from the plots in Fig. 14. It can be seen that the
error for PASM increases at most 20% with respect to frontal views,
while the error for ASM grows up to 40%. On the other hand, both
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Table 1
Comparison of segmentation performance for left and right head rotations with respect to frontal views.

Method Database (# images) Metric Rotation range (degrees)

11–30 31–50 51–70 >70

ASM AV@CAR (280) P2CSE (average) 1.01 1.01 1.41 n/a
PASM AV@CAR (280) P2CSE (average) 0.95 0.96 1.18 n/a

Romdhani et al. [42] Own data (114) P2PSE (typical) 1.2 1.0 1.2 2.5
Wan et al. [55] ORL (270) P2PSE (average) 1.17 n/a n/a n/a
Buxton et al. [8] Own data (65) P2PRE (average) 1.1 n/a n/a n/a

methods demonstrate small performance degradation for rotations
under 50◦.

Next one listed is the non-linear ASM of Romdhani et al. The val-
ues on the table were inferred from the plots of [42], in which a
19-viewpoint dataset was used, ranging from −90◦ to 90◦ (left–right
rotations). The results were provided as typical point-to-point seg-
mentation errors (P2PSE) on a quite small database (only six peo-
ple). This approach exhibits higher variation than ASM and PASM for
small rotations, while for rotations between 30◦ and 70◦ its perfor-
mance seems comparable to PASM. It is the only one on the table
that can handle full profile views (although its error gets consider-
able higher).

Wan et al. [55] reported segmentation errors on images from the
ORL database [44]. A genetic-based ASM was shown to largely out-
perform the standard ASM. However, under pose variations, the er-
ror of the new method increased (in percentage) as much as the one
of standard ASM. Additionally, the test data exhibits small rotations,
mostly within ±20◦ [51] and the angles are not uniform among in-
dividuals.

Multiple models accounting for different viewpoint intervals
were tested by Xin et al. [59]. They provided plots of the P2PSE
distribution from which the median could be estimated. How-
ever, they used different normalization strategies for the errors of
frontal- and profile-view images, and the datasets were too poorly
described to enable for a correction factor. Furthermore, Xin et al.
used separated models for each view, hence the tolerance of the
model to pose changes is not really addressed. The same happens
in the work by Cootes et al. [13], where they report point-to-point
errors for frontal- and profile-view AAMs. The models do not actu-
ally handle different viewpoints: instead, there are two single-view
models and the goal is to show the advantage of coupling them for
the simultaneous segmentation in multiple views.

The results in the last row of the table were obtained from the
plots of Buxton et al. [8]. They tested their affine-based ASM on a
dataset containing 5 facial expressions and 13 viewpoints, though
from just one individual. The metric reported was the average point-
to-point reconstruction error (P2PRE), meaning that only geometry
reconstruction (but not image search) was addressed.

From the collected data, PASM is among the least dependant algo-
rithms with respect to pose. Nonetheless, all results are from differ-
ent datasets, with different initialization strategies and annotation
templates, rendering difficult a conclusive comparison.

It can be seen that the comparative table is small and quite sparse.
Actually, the comparison reported in this work (on 280–360 images)
is among the largest quantitative evaluations performed on segmen-
tation under systematic pose changes. We believe that one of the
major reasons for this shortage is the considerable effort required
on annotating multi-view databases.

Some researchers have tried to circumvent this issue by using
semi-automatic methods to annotate the data. In spite of some con-
cerns on how accurate are such evaluations, they allow for experi-
ments on larger datasets. The most relevant examples are probably
fromMathews et al. [33,58] who reported results on 900 images, but

Table 2
Comparison of segmentation performance for left and right head rotations training
the models with frontal views.

Method Database dataset Metric Rotation range (degrees)

11–30 31–50 51–70

PASM 280 img. (AV@CAR) P2CSE (average) 1.07 1.20 1.37
ASM 280 img. (AV@CAR) P2CSE (average) 1.05 1.32 1.74

their data consisted on video sequences from only six people and
pose changes were not acquired nor organized in a systematic way,
thus making it impossible to incorporate their results in Table 1.

Differently from all other approaches, PASM can be employed
without a multi-view training set. Table 2 gathers our results from
ASM and PASM when trained with only frontal-view data (Section
5.1). The influence of pose variations in the performance of PASM
(in terms of P2CSE) is approximately half of that exhibited by ASM.

6. Summary and conclusions

In this paper we have presented a projective extension of ASMs,
dealing with facial images taken under wide viewpoint variations.
The method assumes a coplanar point distribution model and, as far
as this requirement is fulfilled, it can be applied to different types of
objects.

As pose variation in faces can contain non-rigid motion, a study
was performed to determine which points should be used for pose
alignment. It was shown that using all the landmarks available in the
template is not always the best choice: the same performance can
be obtained with less than 10 landmarks, and a 15% improvement is
possible by using a 30-point subset. When the error in the localiza-
tion of landmarks was considered, the advantage of excluding some
points vanished out. However, a more accurate localization method
may benefit from using these subsets.

The segmentation performance was tested on 360 images taken
systematically under different viewpoints. When a multi-view train-
ing set was considered, the proposed algorithm demonstrated be-
ing almost invariant to head rotations to both sides up to 60◦, and
comparable to the few published results available in the literature.
This paper is the first in quantitatively analyzing nodding variations,
which unfortunately lead to poorer performance when compared to
left–right rotations.

When only frontal images were considered for training, the pro-
posedmethod increased its segmentation error up to 30% under head
rotations, approximately half of what ASM increased under the same
circumstances. In this way, the projective alignment was shown to
significantly reduce the variance in performance produced by head
pose.
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