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Morphological Characterization of Intracranial
Aneurysms Using 3-D Moment Invariants
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Abstract—Rupture of intracranial saccular aneurysms is the
most common cause of spontaneous subarachnoid hemorrhage,
which has significant morbidity and mortality. Although there
is still controversy regarding the decision on which unruptured
aneurysms should be treated, this is based primarily on their size.
Nonetheless, many large lesions do not rupture whereas some small
ones do. It is commonly accepted that hemodynamical factors are
important to better understand the natural history of cerebral
aneurysms. However, it might not always be practical to carry
out a detailed computational analysis of such factors if a prompt
assessment is required. Since shape is likely to be dependent on
the balance between hemodynamic forces and the aneurysmal
surrounding environment, an appropriate morphological 3-D
characterization is likely to provide a practical surrogate to
quickly evaluate the risk of rupture. In this paper, an efficient
and novel methodology for 3-D shape characterization of cerebral
aneurysms is described. The aneurysms are isolated by taking into
account a portion of their adjacent vessels. Two methods to char-
acterize the morphology of the aneurysms models using moment
invariants have been considered: geometrical moment invariants
(GMI) and Zernike moment invariants (ZMI). The results have
been validated in a database containing 53 patients with a total
of 31 ruptured aneurysms and 24 unruptured aneurysms. It has
been found that ZMI indices are more robust than GMI, and
seem to provide a reliable way to discriminate between ruptured
and unruptured aneurysms. Correct rupture prediction rates of
80% were achieved in contrast to 66% that is found when the

aspect ratio index is considered.

Index Terms—Intracranial aneurysms, morphological charac-
terization, 3-D Zernike moments.

I. INTRODUCTION

I NTRACRANIAL aneurysms are pathological enlargements
of brain arteries that are most commonly located at the Circle

of Willis [1]. Due to the increasing use of modern imaging tech-
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niques, unruptured intracranial aneurysms (UIA) are detected
more frequently than in the past. However, the natural history of
UIA is still poorly understood. The reasons for genesis, growth,
and rupture of saccular aneurysms are not clear [2], and the man-
agement of patients with UIA remains controversial [3], [4].
Subarachnoid hemorrhage (SAH) due to the rupture of an in-
tracranial aneurysm is a devastating event associated with high
rates of mortality (40%–50%) and morbidity [5]–[7]. The Inter-
national Study of Unruptured Intracranial Aneurysms (ISUIA)
Study Group undertook an epidemiological project in 1991, in
order to gain a better understanding of the natural history of
UIA and the risks associated with their surgical or endovascular
repair [8], [9]. The objective of the ISUIA trial is to help in
defining the optimal management of patients with UIA. It was
concluded that size and location might play an important role in
predicting rupture risk, especially in patients who have not had
SAH previously. Low rupture rates (about 0.1% per year) were
found in such cases for UIAs for diameters less than 7 mm. Al-
though surgical or endovascular treatment of UIA may prevent
SAH, both have also procedure-related risks. Thus, it is neces-
sary to establish the risk–benefit ratio for these patients. Unfor-
tunately, this is not always clear [9]. In fact, it has been argued
whether there exists a critical threshold or, on the contrary, it is
possible to derive a continuous risk score based on size infor-
mation [3].

Hemodynamical factors, such as wall shear stress, pressure,
residence time, and flow impingement, are thought to play a
role in the pathogenesis of aneurysms and thrombosis [5], [10].
Measuring hemodynamic quantities in vivo is, however, diffi-
cult and involves significant patient risk. To tackle this problem,
various modeling approaches have been considered in the past
for characterizing and measuring hemodynamic quantities [11].
The main obstacle for applying computational methods to large
numbers of patient-specific aneurysm geometries is the compu-
tational power required to perform the calculations in a timely
manner. Typically, the segmentation and semi-automatic model
preprocessing takes at least several hours, and the computational
cost for full 3-D computational fluid dynamics (CFD) in cur-
rent computers is of the order of one day. Thus, although CFD
is important for a better understanding of the natural history of
cerebral aneurysms, it might not always be practical to carry
out such an analysis if a prompt assessment of whether a patient
is at risk or not is needed. On the other hand, shape is likely
both, to have major influence on the fluid dynamics and to be de-
pendent, to some extent, on the balance between hemodynamic
forces and the surrounding environment. Thus, it can be con-
cluded that these methods provide complementary information.
An appropriate morphological 3-D characterization may, how-
ever, provide a practical surrogate to quickly evaluate the risk
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of rupture before fully resource demanding 3-D CFD analysis is
performed. For the methodology presented here, the semi-auto-
matic model preprocessing is lighter than for CFD, since shorter
pieces of the adjacent vessels are needed, and the computational
cost for obtaining the shape descriptors considered in this paper
is around half an hour.

Nowadays, the shape index most commonly used to predict
rupture is the largest diameter of the aneurysm. Nevertheless,
this parameter alone does not suffice to explain the natural
history of aneurysms leading to rupture [2], [9], [12], [13].
Cerebral saccular aneurysms show a substantial amount of vari-
ation in both shape and size, and reliable morphological indices
for aneurysmal rupture have not been elucidated. Therefore,
a more comprehensive quantitative description is necessary.
Fortunately, with the current advances in medical imaging,
it is now feasible to obtain 3-D reconstructions of cerebral
aneurysms from computed tomography angiography (CTA),
3-D rotational angiography (3DRA), and magnetic resonance
angiography (MRA). This offers the opportunity to analyze the
anatomy of the aneurysm in all its complexity. However, to
date there has been little work on detailed geometrical charac-
terization of brain aneurysms and its connection to rupture risk
[4], [14]–[16]. In 1999, Ujiie et al. [14], proposed the aspect
ratio (aneurysm depth/neck width) as an indicator of rupture
risk. The aspect ratio has been successfully used to single out
small aneurysms with an associated high rupture risk. Despite
being useful in some cases, it has been pointed out that the
aspect ratio does not provide accurate predictions in general
[17]–[19]. Ma et al. [15] recently proposed some parameters
to characterize the 3-D aneurysm geometry. In a posterior
work [16], the usefulness of these parameters to predict the
rupture risk was studied. Although the results were promising,
significant user interaction was required for the definition of
such indices. Finally, Rohde et al. [4] analyzed the shape of 46
ruptured and 45 unruptured intracranial aneurysms for which
3DRA images were available. To that moment, qualitative
assessments about the existence of surface irregularities had
been considered for predicting rupture risk. The objective of
this work was to introduce quantitative morphometric measures
capable of encapsulating such shape irregularities. The first
few coefficients of the 2D Fourier analysis from the manually
delineated contours of the aneurysms were compared between
the ruptured and unruptured sets. Such contours were defined
on the projection plane showing the best relationship between
aneurysm neck and parent vessel while preserving the maximal
extension of the aneurysmal sac. This is similar to the working
projection used for endovascular coiling. Although statistically
significant differences were found for some of the coefficients,
showing that morphological aspects may play a significant
role in rupture risk assessment, the main drawbacks of this
method are, on one hand, the highly subjective selection of the
working projection plane, and more importantly, the fact that
the analysis is limited to 2D contours rather than exploiting the
full potential of the 3-D information.

It is thus necessary to investigate methods for characterizing
complex 3-D shapes in an automatic fashion. To this end, mo-
ment theory has been considered in this work. Recently, geo-
metric moment invariants have been utilized in medical image

Fig. 1. Reconstruction of an aneurysm illustrated by isosurfaces of the recon-
structed volumetric function. Upper left is the original object mesh. The number
below each image indicates the order of Zernike moments that has been used for
reconstruction.

analysis for studying brain morphometry [20]. In the present
work, only indices invariant to similarity transformations (trans-
lation, scaling and rotation) are considered, i.e., geometric mo-
ment invariants (GMI) and Zernike moment invariants (ZMI).
Both types of shape indices can be computed employing the
classic geometric moments. Our proposed method computes the
geometric moments by using the Divergence Theorem, thus al-
lowing the calculation of shape indices of volumetric objects
from their surface, which is represented by a nonstructured mesh
of triangles.

The aim of this work is to provide a methodology to geomet-
rically characterize 3-D shapes of cerebral saccular aneurysms
using moment based descriptors. In Section II, a brief introduc-
tion to moment theory is presented, including a short description
of both GMI and ZMI. A description of the data used in this
study and several implementation issues are discussed in Sec-
tion III. This is followed by an assessment of the robustness of
the proposed methods in Section IV. This section also includes
a series of experiments investigating the predictive value of the
moment invariants regarding rupture events. Finally, Section V
presents the conclusions and a detailed discussion of all the rel-
evant issues addressed in this work.

II. MOMENT THEORY

The aim of this section is to provide a brief introduction to
3-D moment theory in the context of shape analysis.

A. General Theory

The use of moments in the context of shape analysis is de-
scribed in [21]. Moments are defined as

(1)

where is a square integrable object function, i.e., .
Thus, the moments are projections onto a basis of functions

over the domain .
Two desirable properties of the basis of functions are com-

pleteness and orthonormality. They imply the capability to re-
construct the original object (see Fig. 1) from the moments .
The object is more accurately approximated by increasing the
order of moments until convergence to the original object is
achieved at infinity.
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In addition, a desirable property of a shape descriptor, based
on moments or not, is the invariance under similarity transfor-
mations. Moments are not invariant in general, but some invari-
ants can be derived from them.

B. 3-D Geometric Moment Invariants

Geometric moments have been previously utilized in medical
image processing [20], [22] to construct invariants to similarity
transformations, which can be used for automatic recognition
of pathological deformations. Geometric moments are the basis
for the computation of different kinds of moments, in particular
Zernike moments. It is, therefore, necessary to ensure an accu-
rate and efficient computation of the geometric moments. In this
work, both volume-based moments and surface-based moments
are considered.

Volume-Based Moments: The 3-D geometric moments of
order of a function are defined in terms of the Riemann
integral as [23]

(2)

where , and
denotes a vector . It is assumed that is a
piecewise continuous functions that can have nonzero values
only in a finite region of , thus ensuring that moments of all
order exist.

Geometric moments are generally calculated by using the ob-
ject volume, and such calculations have an associated
complexity. In 1997, Yang et al. [24] proposed a very fast algo-
rithm that works over a structured mesh of squares in order to
obtain geometric moments by using the Divergence Theorem.
Unfortunately, this approach had a limiting voxel precision. In
order to avoid this fact, in this work, geometric moments are
computed via the divergence theorem in a nonstructured mesh
of triangles (see Appendix A).

Scale invariance can be achieved by isometric scaling of the
central moments [24]–[26]. The central moments are translation
invariant, and are defined as

(3)

where is a spatial point appropriately selected (e.g.,
the centroid or center of mass (CM) of the density function ,
or the bifurcation point (BP) of the object medial axis).

The central moments can be expressed in terms of the original
moments, (2), by the formula [24], [25]

(4)

where , and is the

binomial coefficient.

Then, the scale-invariant central moments are obtained as

(5)

In contrast to translation and scale invariance, the computa-
tion of moments invariant to rotation is a time-consuming task.
Here only the main steps of their calculation are outlined. The
first systematic approach to the derivation of 3-D moment in-
variants to rotation was published in 1989 by Lo and Don [23].
They derived rotational invariants of order 2 and 3 by using
group theory and tensor calculus. Rotation invariants stem from
the finest possible decomposition leading to irreducible repre-
sentations [27]. If a rotation is applied to a centered object, its
moments of order are transformed into linear combinations
of the same order. Consequently, an object can be decom-
posed as a direct sum of orthogonal subspaces, , each of which
is globally invariant to rotation. If a vector belongs to , its
image resulting from any rotation will also belong to . The
basis corresponding to this decomposition is that of harmonic
polynomials . The harmonic polynomials are de-
fined as

(6)

where , and are the spherical har-
monics. Then, in the basis of spherical harmonics, the rotational
operator becomes irreducible and corresponds to a block-diag-
onal matrix. In the new basis, the geometric moments are trans-
formed into complex moments , where is a tensor index,
and rotation invariants can be derived from tensor contraction
[23], [27], [28].

Rotation invariants are inferred from all the possible appli-
cations of the tensor product to , and yielding
scalars which are the 3-D moment invariants. Therefore, the
geometric moment invariants are homogeneous polynomials
of scale-invariant moments. Because of symmetries, the tensor
contraction leads to only 12 invariants, denoted by , where
is the order of the moments and is the orthogonal subspace
index (i.e., index of the ). Finally, the GMI are reduced [28],
[29] through normalization, and hence, each reduced moment
invariant becomes

(7)

where is the polynomial degree of the invariant.
Surface-Based Moments: GMI are defined from surface geo-

metric moments in a straightforward manner, by following the
same steps that in the volume-based GMI. While for volume-
based moments the density function representing the object has
support in the interior, being set to 0 in the exterior of the ob-
ject, for surface-based moments the density function has support
only on the surface, being 0 in both the interior and the exterior.
It can be defined as

(8)
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where is a piecewise continuous and bounded function de-
fined on the object surface, and is the Dirac delta
function. Therefore, surface geometric moments are calculated
as

(9)

Translation invariance could be obtained by using (3) or (4),
to achieve scale invariance. However, for surface moments, (5)
must be modified such that the parameter .
Finally, rotation invariant surface GM are obtained by applying
the same methodology presented for volume-based GMI [23],
[28], [29], see (6) and (7).

C. 3-D Zernike Moment Invariants

Zernike moments were selected because they have demon-
strated a good performance with regard to noise resilience, in-
formation redundancy and reconstruction capability [30], [31].
Zernike moments are derived from the Zernike polynomials,
which in 3-D are defined as [21], [32]

(10)

where are the spherical harmonics of th degree or-
thonormal on the surface of the unit sphere with , while
ranges from to , and is an even, nonnegative integer.

is a real factor depending on the radius so that
become a set of polynomials orthonormal within of the unit
sphere.

The 3-D Zernike moments of an object defined by
are

(11)

It is important to notice that the 3-D Zernike moments
are not invariant under rotations. This means that if the

same aneurysm model is represented in a rotated reference
frame, the Zernike moments computed from the transformed
model, , will have different values, . In
order to achieve the desirable invariance with respect to the
reference orientation, the approach followed in [21] is applied.
The moments are collected into -dimensional vectors

and the rotationally invariant
3-D Zernike descriptors are obtained as the norms of the
vectors

(12)

Translational invariance is achieved by shifting the
point in (3) into the origin. Scale invariance

can be achieved by scaling the object in such a way that some
geometric parameter characterizing its extension is fixed to
some value. For the computation of the Zernike moments it
is necessary that the object is circumscribed within the unit

sphere. Thus, the most simple election would be to fix the
radius from the center to the farthest object point to a unitary
length, . This provides the best resolution power for
characterizing the shape by ZMI. However, this simple scaling
is too sensitive to the determination of the vessels cut plane and
the center position. To avoid this problem, Novotni and Klein
introduced in [33] a better normalization by fixing the object
spread to . No fixed value for the spread can mathematically
guaranty that any shape will fit inside the unit sphere. But a
value can be chosen experimentally, for which it is likely that
any object of the expected shape range will fit inside the unit
sphere. For the scaling of the isolated aneurysms, we have used
this spread-based normalization method. The maximum spread
value for which all the objects of the dataset has radius
was computed and the scaling spread value was chosen to be
0.99 of such maximum.1 This is a convenient selection for our
data set to illustrate the potential of the described methodology.
Nonetheless, in order to implement it in a larger training set for
rupture risk estimation of previously unseen test aneurysms,
an appropriate margin should be decided in terms of the ex-
pected spreads, thus guaranteeing that virtually (say with a
99.9% probability) any new aneurysm will fit inside the unit
sphere. The possible exclusion of some aneurysms is highly
compensated by the gaining in robustness against cut-plane
selection and segmentation method. Moreover, the excluded
aneurysms would indeed have an extremely elongated shape,
which, according to current clinical practices, would make
them a very probable candidate to be treated.

It can be shown [21], [32] that Zernike moments can be
written as a linear combination of geometric moments of up to
order

(13)

where denotes the geometrical central moment of the ob-
ject normalized to fit in the unit ball, and are complex co-
efficients.

Since the functions form a complete orthonormal system,
it is possible to approximate the original function by a finite
number of 3-D Zernike moments

(14)

Here, the sum is performed over such
that is an even number and . The reconstruction
can be used to verify how much of the original object informa-
tion is included in a set of 3-D Zernike moments up to a given
order (see Fig. 1). This can be intuitively understood
by considering that the spherical harmonics (SH) can be inter-
preted as a Fourier basis on the sphere, i.e., this part of the basis
functions measures the angular frequencies of the object. By fur-
ther considering the product with the radial polynomials, it can

1The spread values obtained from our dataset for the four types of ZMI
considered, Volume ;Volume ; Surface , and Surface , are 0.187,
0.212, 0.287, and 0.257, respectively.
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TABLE I
CLASSIFICATION OF THE PATIENT DATA SET ACCORDING TO LOCATION,

WHERE n IS THE NUMBER OF CASES PER CLASS. THE MEAN SIZE

OF THE MAXIMUM ANEURYSMAL DOME AND ITS ASSOCIATED

STANDARD DEVIATION ARE ALSO PRESENTED

be seen that different moments measure different frequencies of
the object in the radial direction.

Surface-Based Zernike Moment Invariants: The computation
of surface-based ZMI is completely analogous to volume-based
ZMI. It is only necessary to compute central moments, (4), by
using the surfaced-based geometric moments from (9), and to
change the factor by the factor in (11) and (13).

Geometric and Zernike moments have been presented for a
general volume-based, , or surface-based, , density
function. However, for the methodology presented here, only
homogeneous density functions will be considered:
or on the corresponding support. This means giving
the same weight to all parts of the object. Thus, for instance, the
two types of geometric moments will be

and

where denotes the interior of the object and its surface.

III. MATERIALS AND METHODS

A. Data Description

The clinical data sets consist of 12 brain aneurysms derived
from CTA imaging studies and 51 aneurysms obtained from
3DRA imaging studies corresponding to 53 patients. Most
aneurysms appear at the Circle of Willis, more specifically, in
the following locations: anterior communicant (ACoA), pos-
terior communicant (PCoA), middle cerebral (MCA), internal
carotid (ICA), superior cerebelar (SCA), vertebral (VA), and
basilar arteries. Table I shows the distribution of the cases ac-
cording to their location, and the mean values of the maximum
dome size derived from manual measurements on the images
along with their associated standard deviations.

Additionally, patient information indicating which
aneurysms presented SAH before the scan was done was
also available (Table II). It should be pointed out that, since
aneurysm shape is inherently related to hemodynamic forces
and the surrounding environment, and the objective of both
surgical procedures (i.e., clipping) and endovascular treatments
(i.e., coils or stents) is to alter the blood flow, those aneurysms
which have already undergone any of these treatments have not
been considered in this study. Furthermore, it is also common to
classify the aneurysms according to their location with respect
to the parent artery: lateral, bifurcation, terminal, and fusiform
aneurysms [34]. This classification conveys more information

TABLE II
ANEURYSM TYPES IN THE DATABASE ANALYZED. R AND U DENOTE RUPTURED

AND UNRUPTURED ANEURYSMS, RESPECTIVELY. ANEURYSMS HAVE ALSO

BEEN CLASSIFIED ACCORDING TO THE TYPE OF CLINICAL TREATMENT

UNDERGONE (I.E., COIL OR CLIP). LAST COLUMN SUMMARIZES THE NUMBERS

OF CASES UTILIZED IN THIS STUDY

regarding the flow and will be used in this study. Fusiform
aneurysms were not considered either since their pathogenesis
is clearly different from that of saccular aneurysms.

Image acquisition in the CTA data base was performed by
using an Helical Elscint CT Twin scanner (Marconi; Haifa, Is-
rael) with 120 kV/300 mA for the amplifier tube, 1.2-mm colli-
mation with an helical pitch of 1 and slice spacing of 0.65 mm.
Images were reconstructed on a 512 512 matrix with a square
field-of-view (FOV) of 20.8 cm yielding an in-plane resolution
of 0.4 mm.

The 3DRA catheter angiograms were performed by standard
transfemoral catheterizations of the cerebral vessels and dig-
ital subtraction imaging done on a Philips Integris Biplane Unit
(Philips Medical Systems, Best, The Netherlands). Rotational
angiograms were performed using a 6-s constant injection of
contrast agent and a 180 rotation with imaging at 15 frames per
second over 8 s for acquisition of 120 images. Data from these
images were transferred to the Philips Integris Workstation and
reconstructed into 3-D voxel data using the standard proprietary
software. The image data consist of 128 128 128 voxels,
with 16 bits per voxel, and a FOV of 54.04 mm, thus leading
to a voxel size of 0.42 mm.

The typical sizes of arteries are 5 mm for ICA and 3 mm for
MCA, and the average of the aneurysms size in our data set is
around 8 mm (see Table I). Thus, the spatial resolution of these
imaging systems enables a good characterization of the geom-
etry of the aneurysms. However, some sensitivity of the shape
descriptors to the segmentation accuracy is not discardable a
priori. In order to determine, to some extent, the importance of
this sensitivity, an experiment comparing the different models
obtained from two segmentation methods has been conducted.
It is furthermore expected that with the advent of new technolog-
ical advances, an improvement in spatial resolution will follow
and more subtle variations will therefore be detected.

B. Segmentation Methods

Moment invariants are calculated by using the triangular
mesh derived from the segmented models of the aneurysms.
Two alternative approaches were used for the segmentation
depending on the image modality. For the 3DRA images,
a deformable surface model method [35], [36] was applied.
The optimized parameters were set as described in [35]. For
the CTA images, a region-based implicit deformable surface
method was employed. The selection of optimal parameters
was done as described in [37]. A 3-D model of the aneurysm
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Fig. 2. Three-dimensional image-based aneurysm models. Top row: original
3-D X-ray angiograms. Middle row: segmented vascular tree. Bottom row: iso-
lated aneurysm models.

Fig. 3. Comparison of the common and proposed procedures for isolating
aneurysm models. By keeping a portion of the adjacent vessels, different cases
with identical domes provide distinct models.

was reconstructed from the segmentation results by using the
marching cubes algorithm with a grid resolution between 0.1
and 0.2 mm. The reconstructed surface was then smoothed by
using a non-shrinking algorithm [38], and the triangulation was
optimized by using edge collapsing and diagonal swapping
[39]. The anatomical aneurysm model was then used as a
support surface to generate a uniform triangular mesh surface
[40], varying from 50 000 to 120 000 elements.

C. Isolation of Aneurysm Models

The aneurysmal models were defined by cutting the parent
vessels at a distance of approximately one diameter of the cor-
responding vessel from the aneurysm neck (see Fig. 2). Such
a criterion was empirically selected with the objective of in-
cluding information about the parent vessels for better charac-
terizing flow dependent effects, while not changing consider-
ably the overall shape of the models. As illustrated in Fig. 3, the
consideration of a portion of the parent vessels makes it possible
to distinguish different models with identical aneurysmal dome.
By using the ordinary method to characterize their shape, all of
the models would have the same morphological characteristics,
while their rupture risk is arguably different.

Furthermore, in order to obtain translation invariance, it is
necessary to select a point of the model for centering all the
models in a common way. Both the bifurcation point and the
center of mass of the aneurysm models have been selected for
such purpose and their results are compared.

D. Skeleton Extraction

After isolating the models, it is necessary to normalize such
models for computing the global shape features. This normal-
ization is obtained by applying the Euclidean pose transforma-

Fig. 4. Different arterial trees of real cases and their skeletons. Meaning of the
colors is as follows: red are bifurcation voxels, green are simple voxels, and blue
are terminal voxels.

tions: translation, scaling, and rotation. To obtain translation in-
variance, most approaches translate the CM of the object into the
origin. As mentioned earlier, another way to achieve translation
invariance is to use the bifurcation point of the medial axis. To
this end, it is necessary to obtain the skeleton of the 3-D model.
A complete description of the skeletonization algorithm can be
found in [41]. This algorithm utilizes an average outward flux
measure to distinguish skeletal points from nonskeletal ones and
combines this measure with a topology preserving thinning pro-
cedure. The approach is fully automatic and requires no user
interaction. It is virtually parameter free and has low computa-
tional complexity.

Fig. 4 shows the medial curves for several cases from our
database obtained by using this skeletonization algorithm.

E. Morphological Characterization Pipeline

In this section, a complete and efficient image-based method-
ology for the morphological analysis of cerebral aneurysms on a
patient-specific basis is presented. Although the individual com-
ponents of the modeling pipeline may not be entirely original,
this methodology allows for the first time the modeling of a large
number of aneurysms in a timely manner. The key component of
this pipeline is the set of new shape descriptors proposed, which
capture the full 3-D geometry of the aneurysms.

The characterization pipeline is summarized in Fig. 5.
Starting with the medical image acquisition, segmentation is
performed in order to obtain the numerical models. Then, the
skeleton is extracted for isolating and normalizing such models.
Finally, global shape invariants are calculated.

IV. RESULTS

Two experiments were conducted to assess the influence of
different processing steps in the computation of the aneurysmal
moment-based shape descriptors. In particular, the factors
studied include the use of different segmentation methods for
obtaining the aneurysmal geometry (i.e., deformable model
versus implicit deformable surface), and the influence of the
selection of different cut planes for isolating aneurysms while
preserving information about the adjacent vessels.
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Fig. 5. Illustration of the processing steps necessary for defining the shape in-
variants.

Fig. 6. Three-dimensional aneurysm models obtained by using two different
segmentation models, left: based on deformable surface models and right: based
on region based implicit deformable surfaces. See Section III.

Finally, the value of the proposed shape indices as reli-
able rupture risk descriptors is assessed on a database of 55
aneurysms.

A. Segmentation Methods

To assess the influence of the segmentation method on the cal-
culation of the moment invariants, a study over a population of
22 aneurysm models, segmented with two alternative methods,
has been performed. As already mentioned in Section III, the
first segmentation method is based on deformable models [35],
[36], whereas the second method considers region-based im-
plicit deformable surfaces [37]. Fig. 6 shows some examples of
3-D isolated aneurysm models obtained by using each of these
methods.

It should be noted that the purpose of this experiment is not
to compare the performance of the segmentation methods, but
rather to establish the robustness of the shape descriptors when
different segmentation methods are considered. These methods
have been properly and independently optimized exclusively
from the segmentation performance point of view, as given in
[35] and [37]. However, it is beyond the scope of this paper to

TABLE III
FROM A COLLECTION OF 22 ANEURYSMS, EACH WITH TWO DIFFERENT

MODELS (FROM TWO SEGMENTATION METHODS), NUMBER OF ANEURYSMS

WHOSE SECOND MODEL IS RANKED, AMONG ALL THE MODELS, IN THE

FIRST POSITIONS OF PROXIMITY TO THEIR FIRST MODEL. NEAREST-NEIGHBOR

CLASSIFIER WITH EUCLIDIAN METRIC IS USED IN BOTH THE SPACE OF GMI
AND THE SPACE OF ZMI

explore such segmentation procedures and develop any further
improvements to them.

It is worth noting that the GMI provide 12 shape features
for each isolated model, whereas the ZMI provide 121 when
moments up to order 20 are used [21]. Only 20 orders have
been used because this represents a good compromise between
computational time and accuracy in the shape description (see
Fig. 1).

The isolated models obtained from each segmentation
method were aligned, and a nearest-neighbor classifier was
used. In these experiments, the Euclidean distance has been
used as the metric for the classifier. A ranked list of neighbors
was obtained for each model. The results of the segmentation
experiments, for both the GMI and the ZMI, are summarized in
Table III. The column labeled as order describes the ranking as
nearest-neighbor that the same model segmented with the other
method obtains.

It is worth noting that in those cases where the first ranked
model was not the same model, the segmentation method did, in
fact, provide substantially different results. This was especially
critical around the aneurysmal neck where subtle variations are
thought to play a significant role in the progression and eventual
rupture of the aneurysms. Hence, the sensitivity of the shape
descriptors to shape variations in this region is indeed a desirable
property, although this leads to the problem of improving the
segmentation methods or the image resolution, which is out of
the scope of this paper.

It is clear from the results that ZMI perform better than GMI
descriptors. This can be easily interpreted since GMI are only
able to capture lower spatial frequencies up to order 3. In ad-
dition, surface-based moments consistently show better results
than volume-based moments. Analogously, the cases where the
bifurcation point has been used to achieve translational invari-
ance show consistently poorer results than the cases using the
center of mass. Although a priori, the bifurcation points might
seem more robust, especially when different cut planes are se-
lected, our results indicate that this may not always be the case.
In particular, the sensitivity of the skeletons to the variations in
the segmented models seem larger from these results. There-
fore, although not completely conclusive by themselves, these
results suggest that surface-based ZMI centered by the center of
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Fig. 7. (a) Example illustrating the different cut planes used to assess the sen-
sitivity of the invariants to errors in the cut-plane selection, and (b) detail of
the selected cut-planes in image (a). For this particular case (terminal aneurysm
with three adjacent vessels), 27 different aneurysm models were obtained.

mass are the most robust against the use of different segmenta-
tion methods.

B. Sensitivity to Cut-Planes Definition

In this section, the sensitivity to cut-plane selection during
aneurysm isolation has been investigated in three aneurysms.
An example of each of the lateral, terminal, and bifurcation
aneurysms has been selected for such purpose.

For each case, three different cut-planes at each one of the
adjacent vessels were performed. This led to different aneurysm
models with their corresponding adjacent vessels. The selection
of the different cut-planes is illustrated in Fig. 7 and provides

models for the lateral case, and
models for the both bifurcation and terminal types.

In order to assess the robustness of the moment invariants,
two different analyses were performed. The first one is related
to the dispersion from a mean model as consequence of the cut-
plane selection. In the second one, the variability related to cut-
plane definition is related to the classification performance.

1) Dispersion: The results of this experiment have been ana-
lyzed by using the relative error between the shape indices from
the perturbed aneurysm models and the mean model for each
aneurysm type. The relative error has been chosen in order to
normalize the GMI and ZMI values, and therefore to enable their
comparison. Then, for each aneurysm type the relative error of
the th component for the th perturbed model is com-
puted as

(15)

where is the th mean component of the feature vector ob-
tained from averaging over all models, and is the th shape
index derived from the th perturbed aneurysm model;

and , where is the feature space dimen-
sion and is the number of perturbed models for each aneurysm
type.

A principal component analysis (PCA) has been performed
to reduce the dimensionality of the data. It has been found that a
few components, typically between 3 and 5, accounted for 99%
of the variance in the original feature space. Such dimension-
ality reduction has been applied to all moment invariant types.

TABLE IV
STANDARD ERROR OF THE MEAN (SEM) OF THE RELATIVE ERROR BETWEEN

THE SHAPE INDICES, GMI (LEFT) AND ZMI (RIGHT) FROM THE PERTURBED

MODELS AND THE AVERAGE MODEL. CASES IN WHICH GMI PERFORMS

BETTER THAN ZMI ARE HIGHLIGHTED IN BOLD

The standard error of the mean (SEM) of each component has
been considered to quantify the dispersion in each aneurysm
type. Such value has been averaged over all the perturbed
models for each component. Then, the different components
have also been averaged to provide a single measure indicating
the variability for a particular type of moments. The results for
the relative error derived from the three models are presented
in the Table IV. Several statistical parameters have been used
in order to better characterize the distribution of errors. As can
be seen, ZMI perform better in a large majority of the cases.
Only in a few cases, highlighted in bold, GMI would provide
better results. However, the effect of the centering methods in
the computation does not show significant differences in the
SEM results.

2) Classification: In this second analysis, we are interested
in evaluating the classification performance related to the vari-
ability in cut-plane selection. The classification problem in this
case answers the question: for each of the aneurysms in the
dataset, is there any other aneurysm that is closer than any of
the models of the same aneurysm?

In order to answer this question, a nearest neighbor classifier
has been used. On the contrary that in the experiment for the seg-
mentation method sensitivity, in this case we have at least nine
perturbed models for each aneurysm. Thus it has been feasible
the use of the Mahalanobis distance as similarity measurement.

The population covariance matrix has been estimated from
the pooled sample covariance matrix, which in the case of
groups or classes, , is defined as

(16)

where are the samples sizes for each
group , and is the sample group covariance matrix. In our
case .

The calculus of the Mahalanobis distance for each aneurysm
type is as follows. To avoid singular covariance matrices, PCA
has been applied to reduce the dimensionality of the feature
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TABLE V
FOR EACH OF THE THREE PERTURBED MODELS, NUMBER OF THE OTHER

ANEURYSMS, FROM THE DATA-SET OF 55, WRONGLY CLASSIFIED AS CLOSER

TO THIS MODEL THAN ITS OWN PERTURBED MODELS. MAHALANOBIS

DISTANCE IS USED AS THE METRIC OF A NEAREST NEIGHBOR CLASSIFIER IN A

SPACE OF REDUCED DIMENSIONALITY

space. The number of components kept was such that they ac-
counted for 99% of the variance in the original dataset. Then, the
pooled covariance matrix and the complete data-set were pro-
jected onto the reduced feature space. In this projected space,
the Mahalanobis distance between the origin (average model)
and both, the perturbed models of the same aneurysm and the
other aneurysms, were computed. Table V shows the number
of wrongly classified cases, that is, the cases that belonging to
the data-set are closer to the average model than any of the per-
turbed models. It is clear from these results that GMI are not
sufficiently robust to account for these variations, whereas ZMI
are robust. Both centering methods, CM and BP present similar
performances.

C. Rupture Risk Prediction

As has been evidenced in the previous subsections that ZMI
are more robust than GMI. In order to asses the value of such in-
variants as features which, by encapsulating morphological in-
formation, may predict the risk of rupture, three types of dis-
criminant analysis (DA)—linear discriminant analysis (LDA),
Mahalanobis discriminant analysis (MDA), and quadratic dis-
criminant analysis (QDA)—were performed. To this end, the
55 avalaible aneurysms were divided in two groups, namely,
those presenting SAH (ruptured) and those without SAH (un-
ruptured).

It is a well-established fact, that all of the commonly used
classifiers can suffer from the “curse of dimensionality.” How-
ever, an exact relationship between the probability of misclas-
sification, the number of training samples, the number of fea-
tures, and the true parameters of the class-conditional densities
is very difficult to establish. As a general guideline, Jain and
Chandrasekaran [42] have suggested that the training samples
per class should be at least five to ten times the dimension of
the feature space . In our small sample (total 55 training pat-
terns), the optimal number of features is about 11 which equals

, where is the number of training patterns. The
rule-of-thumb of having less than 10 features is on the safe side
in our case.

In order to reduce the dimensionality of the feature space,
PCA was performed keeping 99% of the population variance.

Fig. 8. Classification rate obtained by LDA, MDA, and QDA displayed as a
function of the number of features selected by SFS on the surviving principal
components for the four types of ZMI.

On the retained features, a sequential forward selection (SFS)
was subsequently applied.

For estimating the recognition rate of the considered classi-
fication scheme, cross-validation was used. Given the reduced
size of our database, a variation of stratified leave-one-out
cross validation has been used. Concretely, we consider all the
training sets formed by removing two samples from the dataset,
one from each of the two classes (ruptured and unruptured).
This gives a total of different splittings. The
estimator of the recognition rate is the average of the results
obtained over all the so constructed evaluation sets. This esti-
mator is unbiased, under the assumption that the classification
scheme is not too sensitive to removing two samples from the
training set [43], and an estimation of its standard deviation is
given by the formula , where is the esti-
mated recognition rate and is the cardinality of the dataset.
This non-sensitivity hypothesis becomes less realistic when
considering more features. This is the essential reason behind
the rule-of-thumb of Jain and Chandrasekaran [42].

The rupture risk prediction has been estimated from different
number of features, selected by SFS (after PCA), from the four
types of ZMI considered: either from the volume or the surface,
and centred either with the CM or the BP. The results are dis-
played in Fig. 8. For the safe range until 10 features, we obtain
a better estimated recognition rate for the surface based ZMI
of around % %, with slightly better performance of the
ones centered with the CM. The similarity of the results obtained
from the two types of surface based ZMI does not allow us to
assert the superiority of either of them. But, on the other side,
this similarity gives an independent argument for the reliability
of the result.

These results have been contrasted with the rupture risk pre-
diction obtained from the usual aneurysm size and aspect ratio
(AR), and their combination, estimated on the same dataset by
using the same cross-validation method. These recognition rates
are summarized in Table VI. The best performance result was
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TABLE VI
SIZE AND ASPECT RATIO AS RUPTURE PREDICTORS, SEVERAL DISCRIMINANT

ANALYSIS ARE PERFORMED

lower than 66%, clearly inferior than the recognition rates ob-
tained from ZMI.

It is also worth mentioning that only 59% of the 31 ruptured
aneurysm had (the cutoff previously reported by
Ujiie et al. [14]), whereas 79% of the 24 unruptured had an

, which clearly illustrates the ongoing controversy
[17]–[19]. The positiveness of the AR values suggests that the
data may follow rather a log-normal than a normal distribution.
The two samples, as well as the union of them, are compat-
ible with a log-normal distribution with 95% confidence level
for the Lilliefors, Shapiro–Wilks and tests. An ANOVA test
was subsequently performed on the logarithm of the AR values.
No significant differences at 95% confidence level were found
between the population of ruptured and unruptured aneurysms,
neither in variance nor in mean, indicating that any actual dif-
ference between both populations must be small.

V. CONCLUSION AND DISCUSSION

The importance of the introduction of morphological fea-
tures in the clinical evaluation of intracranial aneurysms is un-
derlined by the results of hemodynamic studies demonstrating
complex relationships between shape irregularities and hemo-
dynamic stresses on the aneurysmal wall. These contribute to
inflammatory processes, thrombus formation and, eventually, to
rupture [4]. To this end, better shape representations should be
designed encapsulating the criteria that neuroradiologists follow
to make clinical decisions. In this work, moment invariants are
used with such aim. Moment invariants are defined by consid-
ering the full 3-D geometry of the aneurysms in contrast to pre-
vious approaches.

In particular, the correlation between rupture risk and ge-
ometrical shape parameters has been investigated by using
two different moment-based descriptors: GMI and ZMI. These
shape indices are obtained from linear combinations of geo-
metric moments, which are calculated over non-structured
triangular meshes, thus allowing subvoxel precision. Unfortu-
nately, GMI are difficult to derive, and only a small number
of them are explicitly derived up to order 3 [23], [29]. This
implies that only low frequency details are encapsulated in such
descriptors. To overcome these limitations, Zernike moments
have been used.

For both, GMI and ZMI, four different calculation approaches
have been followed: , and

, which differ in the centering point (BP versus CM)
and whether the complete volume or just its outer surface has
been used for their calculation. Promising results, % %
correct classification rates, have been obtained in a reasonable
sized database containing 55 aneurysms. In contrast, when the

classical aspect ratio index is used, at most a % % of correct
classification is reached.

It is worth noting that, in this work, the adjacent vessels of
the aneurysmal sac have been considered in the computation of
the shape descriptors. This is in contrast to previous research
works [4], [16] which only take into account the aneurysmal sac.
With the inclusion of a portion of the parent vessels, some pre-
dictive value to the characterization of the aneurysms is added
since flow-related information is implicitly incorporated. Even
though new challenges are faced as a consequence of the need to
define the cut-planes, previous approaches needed also to tackle
the problem of how to isolate the aneurysmal sac by selecting
the neck cut-plane, which is usually even more ill-defined.

The robustness of these descriptors has been assessed in two
different scenarios, namely, robustness to segmentation differ-
ences and robustness to cut plane selection. In both cases, the
performance of ZMI was superior to that of GMI. Thus, it is con-
cluded that ZMI show richer description properties and are more
robust to small perturbations of the models. In particular, sur-
face-based ZMI centered to the CM consistently provide good
results. This is expected since the Zernike moments constitute a
complete basis that eventually enables the reconstruction of the
original model. However, to reach accurate reconstructions, it is
necessary to consider high orders leading to high-dimensional
feature spaces with their associated problems.

No conclusive results were obtained as to whether the CM
or the BP should be used for centering the models. Although
the CM performed better in some cases, this finding was not al-
ways consistent. In fact, the normalization for translation invari-
ance may be closely coupled to the scaling, and therefore, fur-
ther research is necessary on this issue. The method proposed by
Novotni and Klein [33], based on fixing the spread of the object,
has been used in this study to obtain scale invariance. Future
work will be devoted to obtain a suitable value for such spread
that optimizes the results. Further investigation is also required
to assess the influence of other errors in the model definition.
This may include the accuracy with which the nearby vessels are
modeled as a consequence of scanner’s resolution, the segmen-
tation algorithm, or postprocessing steps like smoothing. Such
issues need to be assessed by using phantoms to evaluate the ef-
fect of the artefacts on the shape descriptors.

It should also be noted that an unproven assumption of this
study, and of all the other previous works on characterization
of aneurysms [4], [16], [17], is that aneurysms do not change
dramatically their size and shape when they rupture. Although
a decrease in size with rupture has been tentatively postulated
[44], [45], no studies have definitively documented this phe-
nomenon. On the other hand, several neurosurgical experts
raised the opinion, that rupture does not cause major changes
in the size and shape of an aneurysm [12], [46], [47]. However,
since the configuration of aneurysms might change following
its rupture, there is a need to conduct prospective studies for
analyzing this possibility. This will be essential in assessing if
quantitative shape analysis can determine the risk of rupture.

In summary, we have reported and analyzed two mo-
ment-based methods to characterize the three dimensional
morphology of aneurysms. The possibility that ZMI can predict
rupture risk is exciting, although, despite the encouraging
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results obtained, more cases must be studied for establishing
the clinical value of this technique.

APPENDIX I
GEOMETRIC MOMENTS COMPUTATION BY USING

THE DIVERGENCE THEOREM

The Divergence Theorem: The Divergence Theorem for con-
tinuous functions is known as Gauss’s theorem in 3-D and re-
lates a surface integral over a closed surface in 3-D to a integral
over the enclosed volume. The Gauss’s theorem can be stated
as follows:

(17)

where is the volume domain and its boundary.
is a differentiable vecto-

rial field, is the outward normal vector to
the surface, and is the infinitesimal surface element.

Volume-based geometric moments are defined by (2), where
the density function is a binary partition function

Thus, the integral to be performed is

Hence, we can look for a vectorial field satisfying
. The solution is easily obtained and, although it is not

unique, the most symmetrical case can be chosen. Thus, ap-
plying the divergence theorem for this solution, the volume-
based geometric moments can be written as

(18)

In the discrete case, the divergence theorem relates a sum of
a function over a discrete and closed surface to a sum of the
function over the enclosed region. The object surface in such a
discrete case is formed by a disjoint union of planar 3-D poly-
gons, , and (18) becomes

(19)

Accordingly, (19) can be rewritten as a sum over all the polygons
forming the object surface, . In the case of

triangular meshes, the integral in each triangular element
can be analytically computed. A detailed description of this is
presented in the next subsection.

Geometric Moments Computation Over Each Triangle:
Assuming that each discrete polygonal surface, , is de-
fined by a triangle, with vertices for , the
unitary outer normal to each triangle can be calculated
as: , where

, and . The plane
equation that describes each surface facet in the space is

(20)

where , and
. For the sake of clarity, in some manip-

ulations, -subindices will be omitted, although all expressions
will refer to the surface patch.

In order to compute the integral , it is necessary to ex-
press the points of the triangle immersed in the space in terms
of some 2-D coordinates on the triangular surface. To this end,
natural coordinates of the surface are good candidates. Nat-
ural coordinates are dimensionless and are defined with respect
to the length, area, or volume of the element, rather than with
respect to the global 3-D coordinate system. In our case, the nat-
ural coordinates for a triangle are the triangular coordinates.
Any point in the triangular surface defines three lines
connecting it to each of the vertices, which divides the triangle

into three areas , and . The area coordinates are de-
fined as the proportions of these areas

(21)

where is the area of the triangle . Obviously, they satisfy the
constraint . Thus, only two of them are needed
to coordinate the triangular surface, but keeping the three of
them in a symmetrical way has some advantages to compute
the integrals.

These triangular coordinates are indeed a linear transforma-
tion from the 3-D Cartesian coordinates. Hence, there exists a
matrix defining the transformation
as

(22)

where and . By denoting conve-
niently the components of the matrix , this can be equivalently
expressed as

When expressed in triangular coordinates, the integral
becomes a linear combination of terms of the form

, with , and nonnegative integers. These
integrals can be computed by expressing the differential area in
triangular coordinates [48]
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The result of the integral is then

(23)

Finally, recombining these terms, the integral can be ex-
pressed as

where the following notation has been used:

Newton’s binomial has been used

to expand expressions of the form , where
and .
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