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Abstract

In this paper, the method of kernel Fisher discriminant (KFD) is analyzed and its nature is revealed, i.e., KFD is equivalent
to kernel principal component analysis (KPCA) plus Fisher linear discriminant analysis (LDA). Based on this result, a more
transparent KFD algorithm is proposed. That is, KPCA is ;rst performed and then LDA is used for a second feature extraction in
the KPCA-transformed space. Finally, the e=ectiveness of the proposed algorithm is veri;ed using the CENPARMI handwritten
numeral database.
? 2003 Pattern Recognition Society. Published by Elsevier Ltd. All rights reserved.
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1. Introduction

Fisher linear discriminant analysis (LDA) is a tradi-
tional statistical technique for dimensionality reduction. It
has been widely used and proven successful in a lot of
real-world applications. But, due to its limitation of lin-
earity, LDA fails to perform well for nonlinear problems.
To overcome this weakness of LDA, the non-linear ver-
sions of Fisher discriminant analysis have been proposed
over the last few years. Mika [1] formulated kernel Fisher
discriminant (KFD) for two-class cases, while Baudat [2]
developed the generalized kernel discriminant analysis
(GDA) for multi-class problems. Since two-class problems
are a special case of multi-class problems, in this paper, we
will focus on KFD analysis for multi-class cases.

KFD turns out to be more e=ective than LDA in various
applications; however, the existing KFD algorithms are not
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as simple and transparent as LDA. It is the complicated for-
malization of KFD algorithms that covers the intuitive char-
acteristics of kernel discriminant analysis. In this paper, we
perform an in-depth analysis on the current KFD algorithm
GDA [2], and reformulate it as a two-phase process: kernel
principal component analysis (KPCA) [3] plus LDA. This
formalization is more transparent and simpler than the pre-
vious ones. It provides us with a new viewpoint of KFD. On
the one hand, the relations between KPCA and KFD become
clearer. On the other hand, KFD itself becomes more intu-
itive, more understandable and easier to be implemented.

2. Analysis on kernel Fisher discriminant

2.1. Fundamentals

For a given nonlinear mapping �, the input data space
Rn can be mapped into the feature space F:

� :Rn → F; x �→ �(x): (1)

Correspondingly, a pattern in the original input space Rn is
mapped into a potentially much higher dimensional feature
vector in the feature space F.
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The idea of KFD is to solve the problem of LDA in
the feature space F, thereby yielding a set of nonlinear
discriminant vectors in input space. This can be achieved
by maximizing the following Fisher criterion:

J�(�) =
�TS�b �
�TS�t �

; � �= 0; (1)

where S�b and S�t are the between-class and total scatter
matrices de;ned in feature space F:

S�b =
1
M

c∑
i=1

li(m�i −m�0 )(m�i −m�0 )T; (2)

S�t =
1
M

M∑
i=1

(�(xi) −m�0 )(�(xi) −m�0 )T: (3)

Here, x1; x2; : : : ; xM is a set of M training samples in input
space; li is the number of training samples of class i and
satis;es

∑c
i=1 li =M ; m�i is the mean vector of the mapped

training samples of class i; m�0 is the mean vector across all
mapped training samples.

2.2. Kernel Fisher optimal discriminant vectors

The optimal discriminant vectors with respect to the
Fisher criterion are actually the eigenvectors of the general-
ized equation S�b �=S�t �. Since any of its eigenvector can
be expressed by a linear combination of the observations in
feature space, we have

� =
M∑
j=1

aj�(xj) =QQ; (4)

where Q= [�(x1); : : : ; �(xM )] and Q = (a1; : : : ; aM )T.
Substituting Eq. (4) into Eq. (1), the Fisher criterion is

converted to [2]:

JK(Q) =
QT(KWK)Q
QT(KK)Q ; (5)

where the matrix K is de;ned as

K = K̃ − 1M K̃ − K̃1M + 1M K̃1M : (6)

Here, 1M =(1=M)M×M ; K̃=QTQ is an M ×M matrix and,
its elements are determined by

K̃ij = �(xi)T�(xj) = (�(xi) · �(xj)) = k(xi ; yj); (7)

where k(x; y) is the kernel function corresponding to a given
nonlinear mapping �. And, W = diag(W1; : : : ;Wc), where
Wj is a lj × lj matrix with terms all equal to 1=lj . Thereby,
W is an M ×M block diagonal matrix.

Now, let us consider the QR decomposition of matrix
K. Suppose S1; S2; : : : ; Sm are K’s orthonormal eigenvectors
corresponding tom (m is the rank ofK) nonzero eigenvalues

1¿ 2¿ · · ·¿ m. Then, K can be expressed by

K = P�PT; where P = (S1; S2; : : : ; Sm) and

�= diag(1; 2; : : : ; m)

Obviously, PTP = I, where I is the identity matrix.
Substituting K = P�PT into Eq. (5), we have

JK(Q) =
(�1=2PTQ)T(�1=2PTWP�1=2)(�1=2PTQ)

(�1=2PTQ)T�(�1=2PTQ) : (8)

Let

R = �1=2PTQ: (9)

Then, Eq. (8) becomes

J (R) =
RTSbR
RTStR

; (10)

where

Sb = �1=2PTWP�1=2 and St = �: (11)

It is easy to know that St is positive de;nite and Sb is
semi-positive de;nite. So, Eq. (10) is a standard general-
ized Rayleigh quotient. By maximizing this Rayleigh quo-
tient, we can obtain a set of optimal solutions R1; R2; : : : ; Rd,
which are actually the eigenvectors of S−1

t Sb corresponding
to d (d6 c − 1) largest eigenvalues.

From Eq. (9), we know that for a given R, there exists at
least one Q satisfying Q=P�−1=2R. Thus, after determining
R1; R2; : : : ; Rd, we can obtain a set of optimal solutions Qj =
P�−1=2Rj (j = 1; : : : ; d) with respect to the criterion in Eq.
(5). Thereby, the optimal discriminant vectors with respect
to the Fisher criterion in Eq. (1) in feature space are

�j =QQj =QP�−1=2Rj ; j = 1; : : : ; d: (12)

2.3. Essence of KFD transformation: KPCA+ LDA

Given a sample x and its mapped image �(x), we can
obtain the discriminant feature vector z by the following
KFD transformation:

z =�T�(x); (13)

where �=(�1;�2; : : : ;�d)= (QP�−1=2R1;QP�−1=2R2; : : : ;
QP�−1=2Rd) = (QP�−1=2)(R1; R2; : : : ; Rd).

The above transformation can be divided into two items:

y = (QP�−1=2)T�(x) (14)

and

z =GTy where G = (R1; R2; : : : ; Rd): (15)

Let us consider the transformation in Eq. (14) ;rst.
Since Q = [�(x1); : : : ; �(xM )], P = (S1; S2; : : : ; Sm) and
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�= diag(1; 2; : : : ; m), Eq. (14) can be rewritten as

y =
(
S1√
1
; : : : ;

Sm√
m

)T

(�(x1); : : : ; �(xM ))T�(x);

=
(
S1√
1
; : : : ;

Sm√
m

)T

[k(x1; x); : : : ; k(xM ; x)]: (16)

Since S1; S2; : : : ; Sm are K’s orthonormal eigenvectors and
1; 2; : : : ; m are the associated nonzero eigenvalues, the
transformation in Eq. (16) is exactly the KPCA transforma-
tion [3], which transforms feature space F into Euclidean
space Rm.

Now, let us view the issues in the KPCA-transformed
space Rm. Looking back at Eq. (10) and considering the ma-
trices Sb and St within the function J (R), it is easy to verify
that they are actually the between-class and total scatter ma-
trices in the KPCA-transformed space Rm. Since the expres-
sion of Sb in Eq. (11) is not so intuitive, we can construct
it directly in Rm, based on KPCA-transformed features:

Sb =
1
M

c∑
i=1

li(mi −m0)(mi −m0)
T; (17)

where li is the number of training samples in class i; mi is
the mean vector of the training samples in class i; m0 the
mean vector across all training samples.

Since Sb and St are the between-class and total scatter ma-
trices in the KPCA-transformed space Rm, the function J (R)
is actually the (linear) Fisher criterion in such space and,
its stationary points R1; R2; : : : ; Rd are the associated Fisher
optimal (linear) discriminant vectors. Correspondingly, the
transformation in Eq. (15) is essentially the Fisher linear dis-
criminant transformation in the KPCA-transformed space.

Up to now, the essence of KFD has been revealed. That
is, KPCA is ;rst employed to reduce the dimension of fea-
ture space to m, and then LDA is used for further feature
extraction in the KPCA-transformed space Rm.

2.4. Two-phase KFD algorithm

As a summary of the preceeding discussion, the two-phase
KFD algorithm is given below:

Step 1: Perform KPCA in input space Rn. Construct the
centralized inner product matrix K using Eq. (6) and calcu-
late its orthonormal eigenvectors S1; S2; : : : ; Sm correspond-
ing to m largest nonzero eigenvalues 1; 2; : : : ; m. Carry
out KPCA transformation using Eq. (16).

Step 2: Perform LDA in KPCA-transformed space Rm.
Construct the between-class scatter matrix Sb using Eq. (17)
and the total scatter matrix St = diag(1; 2; : : : ; m). Cal-
culate S−1

t Sb’s eigenvectors R1; R2; : : : ; Rd corresponding to
d (d6 c− 1) largest eigenvalues. Carry out LDA transfor-
mation using Eq. (15).

Here, a remark on the above algorithm should be given.
For numerical robustness, in Step 1, m is usually selected as
a number strictly less than the real rank of K (generally, the

rank of K is M − 1, where M is the total number of training
samples) in practical applications.

3. Experiments

The experiment was performed on Concordia University
CENPARMI handwritten numeral database. The database
contains 6000 samples of 10 numeral classes (each class
has 600 samples). Here, our experiment was performed
based on two sets of original features: 256-dimensional Ga-
bor transformation features and 121-dimensional Legendre
moment features.

In the experiment, we chose the ;rst 200 samples of each
class for training, the remaining 400 samples for testing.
Thus, the total number of training samples is 2000 while the
total number of testing samples is 4000. The standard LDA,
GDA [2] and the proposed algorithm KPCA plus LDA are,
respectively, utilized to extract c− 1 = 9 features based on
each set of original features. For GDA and KPCA plus LDA,
two popular kernels are involved. One is the second-order
polynomial kernel k(x; y) = (x · y + 1)2, and the other is
Gaussian kernel, k(x; y)=exp(−‖x−y‖2=�), where the pa-
rameter � is chosen as 0:3 × n (n is the dimension of input
space). And, m is selected as 800 by experience for both
kernel-based methods mentioned above. Note that here, we
implement GDA using the authors’ original codes available
at the website [4]. Finally, a minimum distance classi;er
is employed for classi;cation. The classi;cation results are
listed in Table 1. Table 1 shows the results of KPCA plus
LDA are almost the same as those of GDA. The small dif-
ference between them possibly results from the precision in
calculation. These results are in accordance with what we
expected, since KPCA plus LDA and GDA are essentially
equivalent. Also, the method of KFD is shown to be more
powerful than LDA in our experiments.

4. Discussion

In this paper, we proposed a new strategy, KPCA plus
LDA, to implement KFD analysis. This strategy is exactly
consistent with the existing two-phase linear Fisher discrim-
inant analysis algorithm, PCA plus LDA, which has been
a popular framework of LDA for small sample size prob-
lems [5]. Actually, this consistency is easily interpreted. If a
linear kernel, i.e., k(x; y) = x · y, is adopted instead of
nonlinear kernels, the proposed algorithm would degenerate
to be a PCA plus LDA algorithm like Fisherfaces [5].
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Table 1
Comparison of the recognition rates (%) of LDA, GDA and the proposed KPCA plus LDA algorithm

Feature set LDA GDA (Gaussian) KPCA + LDA (Gaussian) GDA (Polynomial) KPCA + LDA (Polynomial)

Gabor 81.3 91.5 91.5 90.2 90.2
Legendre 88.9 94.8 94.7 94.5 94.5
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