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Abstract—A new automatic approach for saccular intracranial
aneurysm isolation is proposed in this work. Due to the inter- and
intra-observer variability in manual delineation of the aneurysm
neck, a definition based on a minimum cost path around the
aneurysm sac is proposed that copes with this variability and
is able to make consistent measurements along different data
sets, as well as to automate and speedup the analysis of cerebral
aneurysms. The method is based on the computation of a minimal
path along a scalar field obtained on the vessel surface, to find the
aneurysm neck in a robust and fast manner. The computation of
the scalar field on the surface is obtained using a fast marching
approach with a speed function based on the exponential of the
distance from the centerline bifurcation between the aneurysm
dome and the parent vessels. In order to assure a correct topology
of the aneurysm sac, the neck computation is constrained to a
region defined by a surface Voronoi diagram obtained from the
branches of the vessel centerline. We validate this method com-
paring our results in 26 real cases with manual aneurysm isolation
obtained using a cut-plane, and also with results obtained using
manual delineations from three different observers by comparing
typical morphological measures.

Index Terms—Centerline, cerebral aneurysms, distance trans-
form, fast marching, neck detection, surface metrics, Voronoi
diagrams.

I. INTRODUCTION AND BACKGROUND

I NTRACRANIAL cerebral aneurysms are dilations of the
vascular wall occurring on the brain vasculature whose

rupture leads to hemorrhagic stroke, having a prevalence
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around 2%–5% of the entire population [1]. Although only
1% of all the aneurysms will rupture, producing subarachnoid
hemorrhage, the consequences are extremely severe, leading to
high mortality and morbidity rates [2], [3]. Given the important
consequences of this pathological vessel enlargements, detailed
studies of its causes and specially of the probability of rupture
when they are detected, have been performed [4]–[7]. For this
reason, hemodynamic [8], morphological [9] and more re-
cently, morphodynamics studies [10] are still being carried out
to better understand aneurysm formation, growth and rupture.
Automatic computation of geometric features is becoming a

routine procedure for the analysis and treatment planning of in-
tracranial aneurysms. This is specially important due to the large
data sets used in clinical practice, and also because manual pro-
cessing of these data sets is extremely time consuming and in-
troduces a high variability in the processed results. One of the
main challenges to obtain a fully automatic characterization of
intracranial aneurysms, is their detection and subsequent iso-
lation, once a segmentation is already available. Using an auto-
matic method to separate the aneurysm sac from the vessel is es-
pecially important, because then, the morphological character-
ization of aneurysms can be done consistently across different
individuals avoiding inter- and intra-observer variability. The
relevance of this topic can be appreciated from many studies
aiming at estimating the risk of rupture of cerebral aneurysms
from morphological analysis. In these works the results are usu-
ally based on the computation of indices such as the aspect ratio
(aneurysm depth/neck width) [11], [12], or the dome volume
[4], [13], which are critically dependent on the neck definition.
However, morphological characterization of aneurysms is not

the only application for aneurysm isolation methods. Another
important area of research where automatic aneurysm removal
is of special relevance, is the study of aneurysm genesis, growth
and rupture. To this end, it is interesting to virtually remove the
aneurysm from the parent arteries to study the hemodynamic
factors that could cause its formation, as proposed recently in
[14], [15].
Morphological characterization of cerebral aneurysms has

been tackled in several works [4], [9], [16]–[18], although little
attention is usually paid to the automatic identification of the
neck of the aneurysm. In our opinion, the reason why this issue
is not addressed, is not that it is considered of little relevance,
but because its inherent complexity. The large variability of
the aneurysm shape and size as well as the number and con-
figuration of the parent vessels, makes this problem a quite
challenging issue. For this reason, several works use manual
delineation in order to avoid this problem [19], and others use
simple solutions such as a cutting plane to isolate the aneurysm
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dome [17], which is not satisfactory in many cases and also
suffers from observer variability in the measurements. To date,
there are only a few approaches that proposed automatic or
semiautomatic solutions to this problem. For instance, in [20]
a gradient edge detection approach is proposed to measure
aneurysm volume, but still manual initialization is needed. In
[21], [22], and [23], the neck is automatically or semiautomati-
cally detected by means of tubular approximations of the parent
vessels. In the case of [21] the tube is reconstructed using a
sphere that is translated along a set of control points placed
along the vessel centerline, approximating the artery contour.
In [22] the arteries adjacent to the aneurysm, whose sac has
to be manually selected, are reconstructed defining a cubic
spline for the vessel centerline and then the vessel surface is
reconstructed by interpolation. In [23], the normal vasculature
is reconstructed by matching cylindrical surface models to the
mesh representing the vascularity, starting from the centerline
branches. For doing so, the user has to manually select two
points on each centerline branch. Other interesting approach
that can be used to determine the aneurysm dome has been
recently proposed in [24], where registration of a tube model to
the segmented vessel lumen is performed to quantify vessels.
However, most of these methods are based on the assumption
that the radius of the parent vessels around the aneurysm are
about equal, which is not true for all the cases, and extensions to
bifurcation or terminal aneurysms with several parent arteries
are not straightforward. In other work [25], and later in [26],
the neck is identified using a 3D deformable contour, although
the initialization is made manually by fitting a tubular model to
the parent vessel to get an initial guess of the neck.
In this work, a novel and robust method to separate the

dome of saccular aneurysms from the parent vessels is pro-
posed, which is based on different assumptions: instead of
reconstructing the parent arteries, our approach assumes that
the aneurysm dome is a one hole cavity, separated from the
feeding arteries by a smooth closed curve that is minimum in
length and that separates the aneurysm dome from the parent
arteries. Based on this, our method identifies the curve that sep-
arates the dome from the parent arteries, independently of the
parent vessel configurations. To assure a topologically correct
solution, i.e., a dome with only one hole, we will constrain the
search of the dome to a region of interest defined as a surface
Voronoi region, generated from the centerline branches. Notice
that in this work, only saccular aneurysms are considered, either
lateral or bifurcation ones. These saccular aneurysms can be
also multi-lobular, for which our method will also obtain cor-
rect results, except in the case of lobules starting from different
points of the parent vessel, as we will see later. Therefore,
those multi-lobular aneurysms and also fusiform aneurysms
are excluded from the study. Notice that the percentage of
aneurysms excluded is low, because saccular or berry-type
aneurysms are around 90%–95%, and 5%–6% are fusiform,
approximately see [27] and [28]. The method used here is a
voxel-based approach, as opposed to surface-based approaches
used in previous works [22], and it will be described in detail in
Section II. In Section III we show the validity of this approach
with a set of experiments performed in 26 real cases from
segmentations of 3D rotational angiographic (3DRA) images,

Fig. 1. Surface obtained from the segmented volume, centerline, and selected
region of interest around the aneurysm (green).

comparing our results from manual delineations obtained from
three different observers, and also comparing with manual neck
isolation using a cutting plane. Finally, in Section IV we will
state the conclusions of this work.

II. METHOD

A. Initialization

Vessel segmentation [29] and automatic location of
aneurysms are challenging tasks, and there are still many
issues under investigation with respect to those topics. For
instance, automatic detection of aneurysm locations can be
performed based on the vessels centerline, e.g., the work of
Lauric et al. [30], however, those problems are out of the scope
of this work.
In this work, we consider that the segmentation of the vessels

is accurately obtained from a given data set. Thus, our method
starts from a binary 3D volume representing the vascular region
of interest. This binary volume is obtained here using an auto-
matic geodesic active region segmentation [31]. Here, for the
sake of computational efficiency, all the analyses are performed
on a small region around the aneurysm, of approximately two
or three times the size of the aneurysm dome, as the region se-
lected in green in Fig. 1. The selection of this region is done
only to reduce execution time and memory requirements, and
it is not necessary for the execution of our method. This region
of interest is selected here manually defining a bounding box,
but it can be automatically defined using an aneurysm detection
method as the aforementioned work [30].
From the volume segmentation, the fast and reliable center-

line algorithm proposed recently in [32] is then carried out,
which provides good results in very low computational time.
This implementation is based on the distance from the vessel
boundaries, using then a fast marching (FM) approach to obtain
the centerline. One interesting feature of this algorithm is that
the centerline bifurcations as well as the end points are found
naturally during the process. An example of the resulting cen-
terline is shown in Fig. 1. Using the segmented volume and its
corresponding centerline, the aneurysm isolation procedure is
performed as follows.
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Fig. 2. Schematic 2D aneurysm visualization: end points classification (in red:
aneurysm end points, in black: vessel end points), centerline branches classifi-
cation from to (in red: aneurysm branches, in black: vessel branches),
main bifurcation point (blue), and surface Voronoi region ( , in red).

B. Centerline Branches Classification

A division of the centerline branches is performed between
those belonging to the aneurysm (aneurysm branches) and those
belonging to the parent vessels (vessel branches). For this pur-
pose, first, the centerline end points are labeled as vessel end
points if they end at the bounding box, and to aneurysm end
points if they are inside the bounding box. Then, all the branches
that connect all the possible paths between any pair of vessel
end points are labeled as vessel branches, (considering that the
paths visit a single point only once) and the rest are labeled as
aneurysm branches. In Fig. 2, an schematic example of this clas-
sification is shown. This figure also shows the end point and
branch classification, where to are the branches clas-
sified as belonging to the feeding vessels, and to are
the branches belonging to the aneurysm, according to their end
points. We will define the main aneurysm bifurcation point,
as the point joining the two centerline classes, see also Fig. 2.

C. Surface Voronoi Diagram and Distance Transform

From this division of the centerline, an euclidean distance
transform (DT) is computed from it on the segmented volume,
using a propagation approach [33], that is stopped at the vessel
boundaries. The DT of an image with respect to a set of objects,
is the operation that computes for every point in the image, the
distance to its nearest object. In this case, the objects are the
points belonging to the centerline, and in the computation of the
DT, each point is also labeled with the identifier of the nearest
centerline branch. Therefore, with this labeling we can obtain a
division of the surface in regions that is known as the surface
Voronoi diagram, and each region is denoted as Voronoi region.
Each surface Voronoi region is defined as

(1)

Fig. 3. Vessel centerline segmented by branches (a), surface Voronoi diagram
corresponding to the segmented branches (b), DT from the centerline bifurcation
(c), and gradient vector field from the distance field (d).

being the set of surface points, is the th centerline branch,
and is the Euclidean distance in from a surface point
to its closest point in . In Fig. 2, the schematic division of

the surface with respect to the two types of centerline branches
is shown, and in Fig. 3(a) and (b) the centerline division and
parcellation of the surface with this approach is shown for the
centerline branches of a real case. The Voronoi region corre-
sponding to the aneurysm branch or branches will be denoted as
, and can be considered a first approximation of the aneurysm

sac. However, depending on the vessel configuration, this region
can only partially cover the entire aneurysm sac, or can have
points on the parent vessels. However, will only have one
aperture or hole, as a result of the branches division because the
branches generating are all connected, and belonging to the
interior part of the aneurysm, as shown schematically in Fig. 2.
is in practice a good rough approximation of the dome, there-

fore, it is useful to constrain subsequent operations, such as the
search of the initial point of the neck curve, and the search of
other points, such as the critical points, that will be defined later,
and the trajectory of the neck curve. In practice, the restric-
tion of the neck will be applied over a surface region slightly
bigger than , that will be denoted as , to avoid underesti-
mation of the aneurysm dome. Therefore, we propose to extend
the Voronoi region before the number of holes on it increases,
and up to a maximum a 20% of the initial Voronoi region size.
The restriction in the number of holes in is imposed to allow
only one hole or cavity, thus, a nearby parent vessel can not be
completely surrounded by the expansion of . This restriction
will assure a correct topology of the neck, as we will see in the
experiments.
Additionally, the Euclidean distance in is also computed

from the main bifurcation point, , to each point on the surface,
using another DT, and computed also on the segmented volume.
This distance field will be denoted hereafter as , and is shown
in Fig. 3(c).

D. Aneurysm Neck Definition

The identification of the aneurysm neck is very dependent on
the observer, when analyzed by the “naked eye” [34]. However,
it is possible to establish a set of properties common to saccular
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aneurysms. First, the sac of the aneurysm should present only
one aperture. Second, the neck is an observable smooth closed
curve on the vascular surface. This smoothness constrain arises
from the data observation, where the transition between the sac
of the aneurysm and the tubular part of the vessel is smooth in
the sense that no abrupt curvature change is observed in the wall,
and therefore, no abrupt curvature changewill be allowed for the
neck. Finally, it separates the geometrically identifiable patho-
logical part, or sac of the aneurysm, from the tubular part con-
sidered as the feeding vessels. Here, we refer to observable dis-
tinct parts of the vessel, that do not necessarily correspond to the
actual boundary between healthy and pathological parts of ar-
terial wall, because wall thinning, collagen dominance, smooth
muscle cell depletion and patchy endothelial cell, can start at lo-
cations not geometrically identifiable. Although this last feature
seems to be clear geometrically, the amount of vascular surface
that one observer can consider as normal and the one that can
consider as pathological, is not always easy to define, generates
controversy among the radiologists, and is the source of the vari-
ability among different experts.
In some cases, the curvature of the vessel wall could be a

good feature to define the neck [26], but usually this is not
enough to find robust and consistent neck definitions in a gen-
eral case. For instance, in wide neck aneurysms, the surface
curvature around the neck is often of the same magnitude as
the rest of the vessel, therefore this feature is not a good de-
scriptor for finding a general solution to this problem. In this
paper, we propose an aneurysm neck definition to unify criteria,
and remove variability. This definition will be mathematically
derived based on three assumptions, which correspond to the
three aforementioned neck definition points. First, the condition
of having only one hole is accomplished using surface Voronoi
regions from the centerline branches to restrict the neck curve
to a region near the aneurysm branches, as we will see later.
Second, we guarantee the observable smoothness by the compu-
tation of a geodesic path using a second-order Runge–Kutta in-
tegration scheme over a gradient field, which gives a curve with
no abrupt curvature changes visible in the scale corresponding
to the resolution of the data. Finally, the neck curve is obtained
minimizing its length with respect to a surface metric, where
this metric is defined to attract the neck curve to the feeding
vasculature.
In order to obtain the neck curve, , let us consider the vessel

surface, , as a Riemannian manifold in which geodesic dis-
tances can be computed using a Riemannian metric, , defined
on it. Let us also consider that the aneurysm neck curve is rep-
resented by a parameterized closed curve, ,
with . In this framework, we will define the neck
as the shortest nontrivial closed curve (geodesic)

(2)

subject to the restriction , where is the extended
aneurysm Voronoi region defined before, and where de-
notes the length with respect to the surface metric of any curve
on .
The simplest surface metric would be the restriction of the 3D

Euclidean metric to the surface , which we can denote as .

However, the purpose is to incorporate also a factor attracting
the neck curve towards the parent vessels. Thus, the metric will
be defined as , where is a scalar field, and hence,
a function of the surface point, , encoding this attractive
force. With this metric, the length of any curve is computed
as

(3)

The definition of the factor will depend on the distance from
the main bifurcation, , and will be introduced in detail in
Section III.

E. Surface Fast Marching

Our aim is to compute aminimum length curve on the surface,
restricted to the extended Voronoi region, , already defined.
In order to do that, we need to be able to compute distances on
the surface, to obtain the length of the curves, and choose the
minimum length one, satisfying the rest of conditions. The ap-
proach followed here is to fix a point on the surface, that we
will denote as , and that we will define later, and compute dis-
tances on the surface from that point to the rest of points on .
This computation will provide a distance field on the surface,
that we will call . The gradient of allows the com-
putation of geodesic paths on the surface, with respect to a pre-
defined metric , and from those paths, it will be able to find a
closed curve defining the aneurysm neck. Obviously, the limi-
tation of this approach is that the neck curve computed this way
will pass through , and therefore the choice of is crucial in
our method. However, by fixing this point, the computational
cost of the search for a minimum closed path is considerably re-
duced. However, given that the boundary of the Voronoi region

can be considered a first approximation of the neck, any of
those boundary points are candidates to belong to the final neck
curve. From these points, choosing the one with the smallest
Euclidean distance to the main bifurcation point, , will provide
the curve more attached to the parent vessels. A posteriori, this
choice has provided good results from the experiments carried
out here. Therefore, we define , among the points belonging to

, as

(4)

To compute on , a fast marching algorithm is employed,
solving the Eikonal equation

(5)

with the initial condition set by the initial curve point, , such
as , and where is the gradient on the surface,
and is a speed function, used to weight the distances,
which in our case will define the metric used to measure the
distances on the surface [see (3)]. Here, we propose to solve
the Eikonal equation using an efficient method on a Cartesian
grid following the approach proposed in Memoli et al. [35].
The computation of the FM solution, restricted to the voxels
on the surface has the main limitation that it is not possible to
implement an up-wind scheme. To overcome this problem, the
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Fig. 4. Gradient vector field of in a vessel with an aneurysm, and com-
puted neck curve (blue spheres). The arrows representing the vector field are
colored with respect to the magnitude.

technique employed in [35] computes the solution in a modi-
fied domain defined as a narrow band of the surface. Therefore,
let us consider the surface as the zero level set of a signed
distance function, , where is the Euclidean
distance from to the rest of points in , and therefore can
be written as

(6)

then the narrow band of , of radius , can be defined as

(7)

Using this modified domain, it can be proved that the error
of the solution is bounded by , as pointed out in [35]. Fol-
lowing this work, the gradient, in (5) is approximated by
the gradient in the narrow band , and the solution of the
FM in the narrow band will be denoted as . In Fig. 4, the
gradient field is shown in the region, for a real
aneurysm case. Here, we propose to use a speed function based
on the distance to the main bifurcation point , as

(8)

where is the maximum value of . The reason of this
choice is to use a faster speed [given that the speed function
is ], in the regions near the bifurcation point, thus,
the curve that defines the neck will be attracted to the parent
vessel rather than to the aneurysm sac. This effect can be seen
in Fig. 6, where the gradient field , is shown for

, 5, 10, and 15. In that figure it is noticeable how the
vector field is pointing to the interface between the vessel and
the aneurysm sac, more intensively when is higher, thus,
attracting the neck curve solution to that region. In Fig. 7 the
scalar field is displayed in to show the magni-
tude differences when they are scaled equally for , 10
and 15.
In order to compute the solution in the extended domain, an

extension of to all the points of , is also needed. This
extension can be easily done by perpendicular extrapolation of
the values in to the points in . Finally, for efficiency reasons
and to restrict the final neck curve solution to , the FM is
solved only for the surface region .

Fig. 5. Regions used to constrain the neck in a vessel with an aneurysm.
; ; : red. In white it is also shown the

neck path.

F. Backtracking

Using the gradient of , a backtracking procedure is
finally carried out to obtain . It is called backtracking be-
cause following the gradient field from any surface point, we
will track back to the initial point . The problem now is how to
select those surface points to obtain a closed geodesic curve. In
practice, due to discretization, it is not possible to obtain the en-
tire closed curve starting the backtracking from one single point.
However, in a continuous sense, there are some special points
on the surface from where this is theoretically possible.
Looking at the gradient, , it is easy to distinguish

some special points where is not differentiable, such
as , that corresponds to its global minimum, and specially the
points where the distance field collapses during its propagation,
that are a special class of points called the cut locus. Related
to the cut locus, there are other special points to which much
attention has been paid in the literature, they are called critical
points with respect to a distance function, and were introduced
by Grove and Shiohama [37]. If is the distance from to
any , then we can define the cut locus and critical points
as follows (see, for instance, [38]).
Definition 1: The cut locus with respect to is defined

as the set of all such that no segment, i.e., shortest path,
from to can be extended as a segment beyond .
Definition 2: A point is called critical with respect to
(and ) if for any tangent vector at there exists a segment
from to with direction at such that .
For example, every relative maximum of and every rel-

ative minimum of is a critical point, where
is the set of all end points of . Notice that, all the critical
points belong to the cut locus . The following well-known
result can be found, for instance, in [36]
Lemma 1: If the point of is a relative minimum of

, then there are two segments from to forming
a closed geodesic arc at , and there is no other segment from
to .
Therefore, this lemma proofs that starting from points in the

cut locus excluding , (points where the distance field
collapses), with a relative minimum in , will theoretically as-
sure the obtention of a closed curve passing through . This
curve will correspond to our neck curve definition, and we will
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Fig. 6. Gradient vector field of , represented on the surface of a real aneurysm case, using, from left to right, , , and .

Fig. 7. Voxel representation of the distance field mapped on the vessel surface of a typical case, using different values: , 10 and 15, and scaled
from 0 to 1.

denote as to the relative minimum critical points. Although
the existence of critical points is assured for a Riemannian sur-
face (for instance global maximum of ), the existence of
can not be guaranteed in general, see Appendix for details on
this, but there is one important characteristic we can prove about
them.
Proposition 1: two geodesic segments from to define a

closed geodesic from to , if and only if the angle formed at
by the two segments is .
Proof: For a -differentiable Riemannian manifold any

geodesic is differentiable everywhere. Thus, if the two segments
form a different angle, their union is not a geodesic. If they form
an angle of , the joined curve will be differentiable. Also, it
would satisfy the geodesic equation everywhere, including the
point , since the metric is continuous.
Here, we consider that our surface is a manifold, with

sufficiently large. This is a modelling hypothesis, which is non-
testable since all the computations are made finally on a discrete
grid. Therefore, from proposition 1 and from lemma 1, we need
to look for points where the gradient of in an infinitesimal
neighborhood of it forms an angle of , in order to obtain .
Then, starting from the two segments forming the final neck
solution will be obtained, that will be denoted as and .
There are some practical issues to be considered here.
• First, due to the discrete volume used, and because in gen-
eral it is not possible to assure the existence of a , a set of
critical points , are used instead. In order to select those
closer to the theoretical , the points with higher angles
values in their gradient field with respect to their neigh-
bors are chosen. To reduce computational burden, is
limited to 10 points, the ones whose gradient forms max-
imum angle values with any of their neighbors.

• Second, the search of is not restricted to , but to
a subregion of the extended surface region defined in

Fig. 8. Left: gradient vector field of , and detail of the region where
the critical points are found. Right: surface of the same case with several paths
starting at different points from a region near the top of dome. In white it is
shown the neck curve obtained for this case.

Section II-C, because, as mentioned before, sometimes
does not cover the entire surface of the aneurysm sac. This
subregion is defined as the points of that do not belong
to plus an interior part of close to its boundary

(9)

where are the 30% of the points of nearest to .
The region is a strip along the interior boundary of as
shown in Fig. 5 (yellow region), and the reason of using it
is to avoid neck curves passing through points very distant
from the Voronoi boundary, which is the place where the
neck is more likely to be.

The gradient field in a typical case is shown in Fig. 8(a),
where the region in which the gradient field differs more
strongly among their neighbors is marked with an ellipse. The
center of this ellipse marks the location of .
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Then, the backtracking is performed using a second-order
Runge–Kutta interpolation scheme, solving the ordinary differ-
ential equation

(10)

with initial conditions, . The curves com-
puted this way are all restricted to the region , because
has been computed only on . In Fig. 8(b), several curves
are shown from different seed points placed at the top of an
aneurysm, in order to show the geodesics obtained in a typ-
ical case. In white the neck curve found with our method is
also shown. The numerical implementation of the backtracking
process requires the projection of the computed gradient onto
the surface

(11)
Using the selected critical points, , and the set of

paths, , starting from them, the final neck curve
is then obtained using the connected solution with minimal path
length, that covers the two sides as this

(12)

restricted to these three conditions.
1) and are surface neighbors in a 26-sized neigh-
borhood.

2) and are paths starting in opposite directions, meaning
that their associated gradient vectors at the initial point, are
approximately at 180

This condition also ensures smoothness in the junction be-
tween the start of and .

3) is minimum, among all the possible pairs,
, , fulfilling the first two conditions.

Finally, is used to separate the two regions of the vessel, the
one associated with (i.e., the region more similar to ) is
considered the aneurysm sac, and the rest are the parent vessels.
It is important to notice that the Voronoi restriction avoids re-
sults that are topologically erroneous, as shown in Fig. 9, where
the green points represent a possible solution if the Voronoi re-
striction is not applied.
The pipeline of the overall method is shown in Fig. 10,

including the ones that are not part of the method proposed:
vascular segmentation and centerline computation. Accord-
ingly, our method is composed of the following sub-procedures:
branches classification, computation, Voronoi computation,
selection of , computation, Fast Marching, critical points
detection, backtracking and neck curve selection. Although
some of these procedures, such as the FM on the surface can
be performed on a triangular mesh representing the surface,
we have used a volume based approach for all the operations,
due to the extensive use of information from the interior of the
vessel.

Fig. 9. Neck curve result using our method in a real case (red points) and a
topological erroneous neck (green points), resulting if the Voronoi restriction is
not considered.

Fig. 10. Block diagram of the pipeline used in our method, from the medical
image to the final neck curve, .

III. EXPERIMENTS

A. Assessment

This method has been applied to 26 real cases coming from
the segmentation of the cerebral vasculature obtained by 3D
rotational angiography (Xtravision, Philips Medical Systems,
Best, The Netherlands) with mm voxel size.
All the experiments in this section have been carried out using

, a step size of in the Runge–Kutta integration
and for the narrow band , where is the voxel
spacing, and the voxels used are isotropic. The choice of the
value of alpha is explained in the experiment of Section III-B.
Also, manual delineated neck curves have been generated by
three experienced users, by means of a VTK [40] based soft-
ware [41], using the surface meshes of the segmented vessels as
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Fig. 11. Aneurysm geometric measures. Red line: neck width and blue line:
aneurysm depth, for two real cases.

inputs. The delineation performed by the users consists in the
identification with a mouse of a set of consecutive points along
the neck of the surface using an interactive 3D viewer. Once the
neck points are selected by the user, the mesh can be easily sep-
arated in two parts: the aneurysm dome and the parent vessels.
The average values of the measures obtained from these manual
delineations will be considered the ground truth hereafter.
Then, the differences between the proposed method and the

observer results have been assessed quantitatively using a set
of typical morphological characterization indices on the iso-
lated dome meshes, namely: neck width (NW), neck area (NA),
aneurysm depth (AD), aspect ratio (aneurysm depth/neck width,
AR), aneurysm volume, (AV), aneurysm area, (AA), and non-
sphericity index (NSI). The neck width is defined as the distance
between the most distant points on the neck curve, the neck area
is computed as themaximum plane projected area defined by the
neck curve, to make it independent from any surface patching
the interior of the curve, and the aneurysm depth as the distance
between the center of mass of the neck curve, and the point on
the dome farther from the neck center of mass. In Fig. 11, the
neck width and aneurysm depth on two aneurysm dome surfaces
are shown.
In Fig. 12, (first column) the results obtained by our method

are shown using a voxel based display. For the sake of compar-
ison, the surface Voronoi diagrams are also presented (second
column), showing that although it could be a good approxima-
tion to the aneurysm dome in some cases, (first row), it is not
in general a good solution because it overestimates the dome
(third, fourth, sixth and seventh rows) or underestimates it in
some other cases, (second and fifth rows).
The domes obtained from manual neck delineation in a set

of seven cases are shown in red in the fourth column of Fig. 12.
To compare these manually extracted aneurysm domes with the
automatically obtained ones, the surface meshes corresponding
to the automatic results are also partitioned in the two regions
(aneurysm dome and parent vessels). This partition has been
done by projecting the computed curve neck points to the
nearest nodes on the surface meshes, and then dividing the
surfaces as done in the manual case. With these meshes, that
are also shown in the third column of Fig. 12, a fair comparison
between the automatic and the manual approaches can be
performed.
Notice from Fig. 12, that the domes obtained automatically

with the proposed method visually agree very well with the

manually extracted domes. Notice also, the different vessel con-
figurations used in the experiment, showing the success not only
for lateral aneurysms (such as rows 3, 4, and 7), but also for
more complicated shapes such as terminal aneurysms (rows 2
and 6), and with multiple parent vessels (rows 1, 2, 5, and 6).
It also takes into account other difficult cases such as saccular
aneurysms with wide neck (rows 1 and 4) whose neck limits are
more difficult to find, even for radiologists. Notice also that al-
though our method tries to attract the dome to the parent vessel,
it slightly underestimates the dome surface in some cases (rows
2, 5, and 6), with respect to the manual delineations.
The numerical results comparing our automatic method

and the manually delineated neck contours are summarized in
Fig. 13 (top), where the relative errors obtained for all the in-
dices used are shown, using the average of the manual measures
as the ground truth. The median quartile is below 10% in all
the cases, and outliers, displayed as red crosses, are considered
the cases that exceed in more than 1.5 the interquartile range
from the upper or the lower quartile. Up to three outliers are
observed for AD, and two for AR, AA, and NSI, all of them
below or around 30%, and not observed in the other measures.
In order to better observe the behaviour of our method, com-

pared to the manual delineations, in Fig. 14, and to asses the
limits of agreement between them, a Bland–Altman analysis is
carried out [42]. For each measure, the differences between the
automatically obtained measures and the ground truth, with re-
spect to the ground truth for the 26 cases are plotted. In this
manner, it can be observed the dispersion of the measures with
respect to the ground truth value, as well as its deviation as the
ground truth values vary. In the ideal case, all the values should
lay on the horizontal line , thus, a solid horizontal line
representing the mean value of the data is plotted to show the
deviation of the data from the zero value, also called the bias.
Dashed horizontal lines representing the limits of agreement
(95% confidence interval) are also computed and plotted, as the
bias the standard deviation (SD) of all the differences of
all measurements. From these graphs one can observe that the
agreement obtained for all the measures is good, due to the low
bias values and low limits of agreement values, that is also seen
in the relative errors shown in Fig. 13 (top). We can also observe
that all the measures except NW and NA have bias values above
zero, meaning that the values for those measures are lower in the
automatic method than in the ground truth. These lower values
are because, despite the metric used to attract the curve towards
the bifurcation, it still provides in some cases a neck a bit further
from the bifurcation than the ones that are manually delineated,
(see for instance rows 2, 5, and 6 in Fig. 12). The NW and NA
are however higher in the automatic method because in some
of those cases, the neck is wider towards the dome (see for in-
stance cases 2 and 5 in Fig. 12). However, these effects are low,
because as it can be seen from Fig. 14 there are approximately
the same number of cases above and below the zero value.
It is also important to highlight that some errors can arise from

discretization effects coming from the surface separation, due to
the size of the triangular cells of the surface used to make the
measurements. This is mainly noticeable in some cases, where
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Fig. 12. First column: Volumetric visualization of aneurysm and its parent vessels obtained for seven real cases using our method; second column: volumetric
visualization of the partition of the surface, between Voronoi regions, and parent vessels; third column: surface representation of the same cases using our
approach; fourth column: surface representation of manually delineated aneurysms; fifth column: surface representation of manually isolated aneurysms using a
cutting plane.

a saw teeth shape is visible on the aneurysm neck, see third
column of Fig. 12, specially for the third and fourth rows.
Finally, in Table I, the inter observer variability is shown

using the SD of the seven measures obtained from the three
manual delineations, as well as the coefficient of variation (CV)
in %, defined as the ratio between the mean and the SD of the
manual measures.

The table shows a SD of 0.130 mm in NW and 0.165 mm in
AD, which is in agreement with the inter-observer variability
obtained in other vessel segmentation applications, as for in-
stance in [43], where the inter observer SD is 0.17 mm. No-
tice also, that all the measures were performed for observers
from the same institution sharing the same criteria, which can
be considered an ideal case. An experiment using observers
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Fig. 13. Relative error obtained for all the indices and the 26 aneurysms,
using the average of manual measures as the ground truth. Top: automatic
method, Bottom: manual cut using a plane. Boxes represent the interquartile
range, dotted lines the range of values (excluding outliers), red lines the median
quartile and crosses the outliers.

coming from different institutions could provide higher vari-
ability values.

B. Parameter Selection

We also show in Fig. 15, the aneurysm dome results using dif-
ferent alpha values, , 5, and 10, in one of the cases used
in our experiments. In this case, it is noticeable how the dome is
attracted to the parent vessels as alpha increases. It is important
to highlight that the neck curves tend to converge to the same re-
sult for values above 5, and for values higher than 10 we obtain
almost identical results in our experiments. For this reason, we
have chosen 10 as the alpha value for our experiments. Also, as
derived from (8), higher alpha values will make the speed func-
tion, , to become too small, making the gradient of to
become very small as well, [see (5)], and therefore, the gradient
will be more difficult to track. For this reason, this value can be
considered a good choice for our method.

C. Comparison With Manual Planar Cut

We have also carried out manual isolations over the same 26
cases, but in this case, instead of delineation on the surface to
find the neck, a plane has manually placed on each surface to
find the best cut that corresponds to the aneurysm neck, using
translation and rotation operations on the plane. This procedure
has been performed here by one observer using ParaView v3.10
software [44], and the results for seven cases are also shown in
the fifth column of Fig. 12. This way of dome isolation has been
used previously in [17] and it is performed here to show the
differences with our method, and with the manual delineation
approach. Although many saccular aneurysms can be success-
fully isolated using a plane, there are cases where there is no
satisfactory solution due the configuration of the parent arteries.
This is the case shown in Fig. 16(a), where the dome extracted
using this technique differs significantly compared to a manual
delineation, Fig. 16(b), and also compared to the result using
our method, Fig. 16(c). This is because the neck in this partic-
ular case can not be considered planar, and the solution using
a cutting plane is not satisfactory in any case. Using this tech-
nique, the user should also adjust the area of the cutting plane
to avoid cutting of adjacent arteries, or select the surface be-
longing to the dome after the cut is done. Due to the manual
nature of this procedure, this method also suffers from inter-
and intra-observer variability. In Fig. 13 (bottom) we show the
relative errors obtained by this method, using the average of the
manual delineation as ground truth. These errors are very sim-
ilar to the ones obtained with our automatic approach, Fig. 13
(top), but there is one case that deviates significantly from the
rest, that corresponds to the one shown in Fig. 16, presenting a
42% error in NA, and 67% in NSI. Taking into account these
cases where the cutting plane fails, and given that this is a com-
pletely manual procedure, the errors obtained by our automatic
approach can be considered good compared to the ones obtained
with this manual procedure.

D. Computational Cost

In Table II the execution times for the main steps of the
method are shown for two cases (A and B), with and without
selection of a region of interest (ROI), to show the differences.
Case A corresponds to the example shown in the last row of
Fig. 12, and case B corresponds to the one shown in Fig. 1. The
volume sizes in voxels for each case are also shown in the table.
Although not part of our method, the centerline computation
is also included in the table, because the starting point of the
whole procedure is the segmented volume, and the centerline
computation is then considered in the process. The whole
process takes less than 4 s for the two cases shown and for
most of the cases processed when a ROI is selected, measured
on a Linux workstation using an Intel Core 2 Quad 2.4-GHz
processor, with all the algorithms programmed in C++. When
a ROI is not chosen, the times increase to 22.8 s for case A
and up to 54.7 s for case B, that is one of the worst cases. As
presented in the table, the most time consuming tasks are the
centerline computation with branches classification, the FM
computation, and the definition of the domain , that includes
the extension of to the domain in . It is important to
notice here that, the FM computation and the extension of ,
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Fig. 14. Bland-Altman plots showing the agreement between the automatic measures and the ground truth: manual average—automatic measures with respect to
the manual average measures. Measures plotted are: (a) neck width, (b) neck area, (c) aneurysm depth, (d) aspect ratio (e), aneurysm volume, (f) aneurysm area
and (g) nonsphericity index. Solid horizontal line represents the mean value (mu), and dashed horizontal lines, the SD values.

are computed on the full surface in the last two columns for the
sake of comparisons, but those calculations can be restricted
to the region, obtaining time results very similar in all the
steps except for the three first steps that require the use of the
full surface.
It is therefore clear from this, that the proposed method is

computationally efficient. The reason of this efficiency owes to
several factors. First, the inherent efficiency of FMmethods and

distance transforms by ordered propagation, which require only
one pass over the domain to proceed. Second, the method is de-
sign to perform in a specific regions reducing the amount of op-
erations needed. For instance, some operations are restricted to
the surface, and more specifically to a surface region, such as
the selection of , that is restricted to the points on , the FM
that is computed on the points of , the critical points selection
that is constrained to the region and the backtracking, which
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TABLE I
STANDARD DEVIATION (SD) AND COEFFICIENT OF VARIATION IN %,
OBTAINED FROM THE MEASURES OF THE THREE DIFFERENT

MANUAL DELINEATIONS OF THE ANEURYSM DOMES

Fig. 15. Aneurysm domes (left) and neck curves (right) obtained for one case
with different alpha values: (green), (yellow), and (red).
The curve points obtained are represented as spheres.

Fig. 16. Domes isolated using three different approaches: (a) manual cutting
plane, (b) manual delineation on the surface, and (c) using our automatic
approach.

is only performed on the points of . Finally, if a reduced do-
main is used, the efficiency can be increased as well, as shown
in Table II. Notice, that although the ROI is selected here man-
ually, an automatic method could be employed for this.

IV. CONCLUSION

In this paper, we have proposed and implemented a new def-
inition of aneurysm neck, valid for saccular aneurysms, either
lateral or terminal. The results obtained with this technique will
allow overcoming the inter- and intra-observer variability that
exists when the neck is manually identified, and also will auto-
mate and speedup morphological studies of cerebral aneurysms.
Visual inspection of the automatic results obtained with this
method, and its comparison to manual results with direct de-
lineation on the surface, show an excellent agreement that is
confirmed in the quantitative performance analysis carried out
on those data sets. As shown in our experiments, the method
proposed here, has shown successful results in a wide range
of aneurysm types, confirming its robustness with respect to
aneurysm size, parent vessels configuration, and neck width.
Also, comparison of our method against domes manually iso-
lated using a cutting plane gives also good visual agreement,
and the relative errors obtained for both methods with respect
to the average of the manual delineations are very similar. We
have also shown that in some cases a cut plane is not able to

provide good results, and our method approximates better to the
ground truth.
We have also shown the high computational efficiency

of this method, performing in just a few seconds including
centerline computation. Therefore, we can conclude that this
method can be successfully applied for morphological analysis
of aneurysms in clinical practice.
The method proposed here is, as far as we know, the first

approach to solve this particular problem by means of surface
Voronoi diagrams and geodesic paths. It is important to notice
that there exist several technical aspects in the method that
makes it original and robust. First, the restrictions used by
means of surface Voronoi diagrams, in order to avoid topo-
logical errors that guarantees domes with only one aperture.
Second, the definition of the speed function based on the
exponential of to attract the neck curve towards the parent
vessels, and finally, the use of the critical points paradigm
to obtain a closed curve using a backtracking process. Other
technical aspects, such as the classification of the centerline
branches, needed to initialize the method, can be also consid-
ered as additional contributions of this work.

APPENDIX
ABOUT RELATIVE MINIMUM CRITICAL POINTS AND

THE EFFECT OF THE DISTANCE FUNCTION

Let be a Riemannian surface (representing our vessel sur-
face), the distance function from to , and the
cut locus of with respect to , defined as the set of
all such that no segment, i.e., shortest path, from to
can be extended as a segment beyond . We will also denote

the points belonging to as cut-points, as the set of all
end points of and as relative minimum critical points

. We can prove the following proposition.
Proposition 2: If a minimizing closed geodesic exists from

to on , then the geodesic, and hence , contains at least a
point in .

Proof: Let’s consider the middle point in this geodesic
from to . Then, it defines two geodesics from to of
the same length. If these geodesic segments do not cross any
cut-point before reaching , the point will be a cut-point. Oth-
erwise at least one of the segments will cross a cut-point. In any
case, there is always, at least, a cut-point along the geodesic.
The proposition above does not proof that there exists a cut-

point with converging gradients forming an angle of (a rela-
tive minimum critical point). Only in the case that the cut-point
is actually the middle point, this is true. Thus, a minimizing
geodesic will be found by the algorithm only if it does not cross
the cut-locus before reaching the middle point. Thus, even if
some cut-points are found on , it can not be mathematically
proven that any existing minimizing geodesic from to will
necessarily be found.
However, in the particular case of the neck of a saccular

aneurysm, the absence of minimizing geodesics would be par-
ticularly rare. To illustrate both, that the problem can appear and
how strange it would be, in Fig. 17, we present an example in
which an existing minimizing geodesic is not found because a
cut-point is found before reaching the middle point (left im-
ages). In this example the aneurysm is very planar and with a
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TABLE II
PARTIAL AND TOTAL EXECUTION TIMES IN SECONDS MEASURED IN A 2.4 GHZ PROCESSOR FOR TWO CASES:

(A AND B) USING A REGION OF INTEREST (ROI) AND WITHOUT USING IT

Fig. 17. Top row: digital phantom shapes showing the geodesic curve results
using two different distance functions, euclidean (left) and the distance proposed
in this paper (right). Bottom row: details of the top images centered at the critical
point detected by our method.

very wide neck, and only the Euclidean distance restricted to
the surface has been used. If instead of the Euclidean distance,
we use the distance proposed in this paper including the factor
dependent on the distance to the bifurcation point, the geodesic
is found even in this atypical case (right image). In this case,
the bifurcation point is located at the center of the larger ellip-
soid, and is used. Thus, the included factor also helps
reducing the possibility of this problem. Notice also that, in all
the cases tested in our experiments, a well behaved geodesic has
been always found.
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