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Abstract—This paper presents a framework for weighted fusion of several Active Shape and Active Appearance Models. The

approach is based on the eigenspace fusion method proposed by Hall et al. [1], which has been extended to fuse more than two

weighted eigenspaces using unbiased mean and covariance matrix estimates. To evaluate the performance of fusion, a comparative

assessment on segmentation precision as well as facial verification tests are performed using the AR, EQUINOX, and XM2VTS

databases. Based on the results, it is concluded that the fusion is useful when the model needs to be updated online or when the

original observations are absent.

Index Terms—AAM, ASM, model fusion, statistical model, segmentation.
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1 INTRODUCTION

THIS paper focuses on one of the most widespread
landmark-based statistical shape representation meth-

ods coined Point Distribution Models (PDMs) [2]. There are
two popular modeling and segmentation methods con-
nected to this representation: Active Shape Models (ASM) [2],
[3] and Active Appearance Models (AAM) [4], [5]. Shortly after
their introduction, these methods became very popular in
many applications and several interesting contributions
have been proposed in the literature to extend or improve
the original formulation (e.g., [6], [7], [8], [9], [10], [11], [12]).
These methods are particularly attractive for their simpli-
city, robustness, and segmentation speed and, therefore,
gained good acceptance in facial analysis and biometrics as
well as in several medical image analysis applications.
However, in contrast to their execution efficiency, their
training from large data sets can take a considerable amount
of time, particularly for AAM, due to the costly estimation
of large Jacobian matrices. Whenever the model needs to be
updated with new data, it has to be retrained using past and
new observations. However, past observations may be no
longer available, or the need to store all past observations
may simply be impractical for online model updating.
Moreover, the larger the database of observations is the
more costly will be the process of recomputing the model
and, consequently, an incremental model updating strategy
could constitute a valuable alternative. In dynamic model
learning, it is useful to introduce mechanisms for “forget-
ting” past data [13], [14]. This can be accomplished during
model retraining by assigning lower weight to past
observations than to new observations. To summarize, in
this context it is important to be able to update the model

based only on the past model parameters with a possibility
to assign different weights to past and new data.

Taking a look at classical ASM and AAM, one may notice
that these models are essentially eigenspaces. As defined in
[1], an eigenspace of a set of observations is a quadruple
consisting of mean, eigenvectors, eigenvalues, and the
number of observations. In particular, an ASM has one
eigenspace and a set of covariance matrices, and an AAM
has three eigenspaces and two Jacobians. This leads to the
hypothesis that, essentially, AAM and ASM fusion could be
reduced to eigenspace fusion.

The solution that we propose is based on the eigenspace
fusion framework introduced in [1]. Nowadays, there are
many applications where eigenspace construction and
analysis are involved. These applications include classifica-
tion, motion sequence analysis, temporal tracking, segmenta-
tion with statistical models, and many others, and there are
already many works on eigenspace updating strategies in the
literature. Reasons for eigenspace fusion are essentially the
same as those mentioned above; the most important being,
perhaps, the need to quickly and constantly update the
eigenspace to keep it up-to-date with new available data.
There are many methods for updating eigenspaces by one
observation at a time [15], [16], [17], [18] and for the fusion of
already computed eigenspaces [1], [19]. We use the method
proposed in [1] because it computes matrices of the smallest
possible size, thus minimizing memory requirements and
computation speed. Among the newest publications it is
worth mentioning a work by Zhou et al. [20], where an
eigenspace fusion framework is employed to efficiently track
a shape, represented by a set of control points in a vector form
[3], placed along object’s contour. There, the authors derive a
formulation of a Kalman Filter to track the shape, based on the
fusion of eigenspaces described in [1].

The main contributions of this paper are a generalization of
the eigenspace fusion algorithm introduced in [1] and an
AAM/ASM fusion framework. Originally, its authors did not
take into account weighting of fused eigenspaces, considered
only fusion of two eigenspaces, and all the covariance matrix
estimates were biased while it is common practice to use
unbiased estimates. Therefore, we generalized the algorithm
to be able to perform weighted fusion of any number of
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eigenspaces and modified it to use and compute unbiased
estimates of covariance matrices. Then, taking this modified
eigenspace fusion as a starting point, we thoroughly develop
the framework for ASM and then AAM fusion. As a
consequence, this paper is primarily concerned with deriving
a theoretical framework for fusion, rather than its particular
application to any specific area and only a set of generic
experiments are performed to evaluate the algorithm and to
compare the performance of the fused model to the model
constructed from the original observations.

The paper is organized as follows: Section 2 covers the
problem of weighted eigenspace fusion, which is a general-
ization of the algorithm proposed in [1]. Sections 3, 4, and 5
introduce the fusion of active shape and active appearance
models. Section 6 summarizes the steps for fusing AAMs.
Then, Sections 7 and 8 demonstrate the results and draw
conclusions. Finally, the supplemental Appendices, which
can be found at http://computer.org/tpami/archives.htm,
provide some additional information and derivations for
the reader’s convenience.

2 WEIGHTED EIGENSPACE FUSION

Before we begin, let us note that matrices will be written in
bold uppercase, vectors will be column vectors and written
in bold lowercase, and that letters with normal typeface will
denote scalars.

Let us consider M eigenspaces. Each ith eigenspace is
computed by Principal Component Analysis (PCA), applied
to the set of Ni observations XXi ¼ fxijjj ¼ 1; . . . ; Nig, each
being an n-dimensional column vector, and is defined as a
quadruple [1]:

�i ¼ �xi;�i;�i; Nið Þ; i ¼ 1; . . . ;M;

where n-vector �xi is the mean of the observations, �i is a
n�mi matrix of eigenvectors, and �i is a mi �mi matrix of
eigenvalues (n and mi have been determined during
construction of eigenspaces to be fused). Note that the
number of rows of all �i is the same (i.e., all the eigenvectors
must have the same number of components). Each eigenspace
is assigned a weight wi such that

PM
i¼1 wi ¼ 1. These weights

are used to change the influence of each eigenspace on the
fused one. Without loss of generality, we shall assume that all
the weights are positive. Let

pi ¼ wi �
XM
j¼1

wjNj

 !�1

:

Introducing pi, we transfer the model weights wi to the
observation level, so each observation of ith model has a
weight pi. Let us define the full observation set as
XX ¼

SM
i¼1 XXi, consisting of N ¼

PM
i¼1 Ni observations,

with its elements denoted by zk 2 XX in order to simplify
the notation in several formulas (each zk is equal to xij
for some i and j).

The goal of fusion is to compute such an eigenspace
� ¼ ð�z;�;�; NÞ, using the information from �i only, that it
is equivalent to the eigenspace computed from the full set of
observations XX. Here, �z is again a n-vector, � is a
n�m matrix, and � is a m�m matrix, where m is
determined during the fusion.

Let us define the function P ðxijÞ ¼ pi, which can be
thought of as a probability of observing xij. Then, the fused
mean is

�z ¼
XN
k¼1

P zkð Þ � zk ¼
XM
i¼1

XNi

j¼1

pixij ¼
XM
i¼1

Nipi�xi: ð1Þ

Now, let us denote the covariance matrices by Di ¼
�i�i�

T
i and the fused covariance matrix by D. The

unbiased estimate of the fused covariance matrix (see
Appendix A, which can be found at http://computer.org/
tpami/archives.htm) is then:

D ¼ 1

1�
PN
k¼1

P zkð Þ2
� eD ¼ 1

1�
PM
i¼1

Nip
2
i

� eD
eD ¼ XN

k¼1

zk � �zð Þ zk � �zð ÞTP zkð Þ

¼
XN
k¼1

P zkð ÞzkzTk � �z�zT ¼
XM
i¼1

pi
XNi

j¼1

xijx
T
ij

 !
� �z�zT :

ð2Þ

Rewriting the expression for Di, according to the
definition

Di ¼
1

Ni � 1

XNi

j¼1

xij � �xi
� �

xij � �xi
� �T

¼ 1

Ni � 1

XNi

j¼1

xijx
T
ij �Ni�xi�x

T
i

" #

or

XNi

j¼1

xijx
T
ij ¼ Ni � 1ð ÞDi þNi�xi�x

T
i : ð3Þ

Substituting (3) and (1) into (2), we obtain

eD ¼ XM
i¼1

pi
XNi

j¼1

xijx
T
ij

 !
� �z�zT

¼
XM
i¼1

Ni � 1ð ÞDipi þ
XM
i¼1

Nipi�xi�x
T
i �

�
XM
i¼1

Nipi�xi �
XM
i¼1

Nipi�xi

 !T

¼
XM
i¼1

Ni � 1ð ÞDipiþ

þ
XM�1

i¼1

XM
j¼iþ1

NiNjpipj �xi � �xj
� �

�xi � �xj
� �T

:

Finally,

D ¼ 1

1�
PM
i¼1

Nip
2
i

�
XM
i¼1

Ni � 1ð ÞDipi

"
þ

þ
XM�1

i¼1

XM
j¼iþ1

NiNjpipj �xi � �xj
� �

�xi � �xj
� �T#

:

ð4Þ

We wish to compute the eigenvalues and eigenvectors
that satisfy D ¼ ���T . The method of solution is as in [1]:
Construct an orthonormal basis set � that spans all the
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eigenspaces, then use � to derive an intermediate eigenpro-
blem, whose solution provides eigenvalues � and eigenvec-
tors R; finally, the eigenvectors of the initial problem are
calculated by � ¼ �R.

Let us concatenate column-wise into a matrix H, all the
eigenvector matrices �i; i ¼ 1; . . . ;M, and the differences of
all possible pairs of the means �xi � �xj, where i; j ¼ 1; . . . ;M
and j > i as in (4):

H ¼ �1j�2j . . . j�M j �x1 � �x2ð Þj �x1 � �x3ð Þj . . . j �xM�1 � �xMð Þ½ �:

By orthonormalizing H, the n� p basis � is obtained

� ¼ Orth Hð Þ;

where p is determined by any orthonormalization algorithm.
Now, consider the following intermediate problem

D ¼ �R�RT�T ;

where � is the basis and R can be considered as a rotation
matrix [1]. Substituting here, the expression for D, we obtain

�TD� ¼� R�RT

�TD� ¼ 1

1�
PM
i¼1

Nip2
i�

T

XM
i¼1

Ni � 1ð ÞDipiþ
"

þ
XM
i¼1

XM
j¼iþ1

NiNjpipj �xi � �xj
� �

�xi � �xj
� �T#

�

¼ 1

1�
PM
i¼1

Nip
2
i

XM
i¼1

Ni � 1ð Þ �T�i

� �
�i �T�i

� �T
piþ

(

þ
XM
i¼1

XM
j¼iþ1

NiNjpipj �T �xi � �xj
� �� �

�T �xi � �xj
� �� �T)

:

Note that it is advantageous to calculate �T�i and
�T ½�xi � �xj� first, because � and �i have fewer columns than
rows. On the other hand, �TD� is a p� p matrix, which
compared to the n� n matrix D, in general, is smaller and
therefore its eigendecomposition will be faster to perform.
Now, using eigendecomposition, R and � can easily be
calculated. The resulting eigenvectors are obtained by

� ¼ �R;

whereupon eigenvectors corresponding to small eigenva-
lues can be discarded to further reduce dimensionality.

This concludes the section on eigenspace fusion. Fig. 1
illustrates the fusion of three eigenspaces, represented by
hyperellipses, with equal weights. The largest hyperellipse
is the fused eigenspace and the small circles inside the
hyperellipses are the observations. The following sections
apply the above concepts to develop a framework for
ASM and AAM fusion.

3 ASM FUSION

An Active Shape Model is constructed from a set of aligned
shapes by means of PCA [3]. Shapes are defined by
landmark points placed along the contour of the object of
interest. ASM’s main component is a Point Distribution
Model (PDM) defined for the ith ASM by:

xij ¼ �xi þ�ib
s
ij;

where xij is a n-vector, representing the jth shape, obtained
by concatenating all the landmark coordinates into a single
real-valued vector one after another. In other words, if
landmarks have coordinates ðxi; yiÞ the concatenated vector
will be of the form ðx1; y1; x2; y2; . . .ÞT . Then, the n-vector �xi
is the mean of the aligned shapes in the training set; the
n�mi matrix �i and the mi-vector bsij are the projection
matrix and the corresponding projection coordinates,
respectively. Values n and mi have been determined during
the construction of PDMs to be fused.

To fit the model to an image, profiles perpendicular to the
contour at landmark positions are used. From pixels sampled
along each profile, the mean vector and covariance matrix are
estimated during the model construction. The collection of
such pairs for each landmark constitutes an Intensity Model.
They are a part of the Mahalanobis distance, which is used to
drive the model to the best-fit location during segmentation.

ASM fusion is straightforward. Since each PDM is
nothing else than an eigenspace containing the shapes from
the training set, the fusion of several ASMs is reduced to the
fusion of “aligned” PDM eigenspaces (using the algorithm
from Section 2) and fusion of statistical information for the
shape profiles.

The first step is to align the means �xi of all PDMs using the
Procrustes Analysis with the only difference being that,
instead of the usual mean, the weighted mean is estimated
according to (1). After Procrustes Analysis, the aligned means
�xi are used to estimate the fused mean �x as in (1). During the
alignment, the shapes are centered and rescaled to unit length
and then a d� d matrix accounting for rotation is estimated,
where d is the dimensionality of landmarks (e.g., if landmarks
represent a shape in 2D, then d ¼ 2, if in 3D, then d ¼ 3). Let Si
be this d�dmatrix that aligns the shape �xi to the mean �x, both
being centered at the origin. Let �i be a dn� dn block-
diagonal matrix with repeating Si along its diagonal:

�i ¼
Si 0

. .
.

0 Si

264
375:

Then, considering that the shapes are already centered,
we can write

�ixij ¼ �i�xi þ�i�ib
s
ij;
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Fig. 1. Illustration of eigenspace fusion. The three smallest ellipsoids are

the fused eigenspaces and the largest one is the result of their fusion

with equal weights. Small circles inside the ellipsoids are the original

observations.



which shows that by aligning �xi and each eigenvector of �i,
we also align the original observations xij to the fused mean �x.

Now, using the transformations �i, PDMs are fused
by applying the eigenspace fusion scheme to eigenspaces
corresponding to the aligned means �i�xi and eigenvec-
tors �i�i.

The fusion of intensity models of ASMs is much simpler
to perform, for it does not require the construction of the
intermediate problem. The mean profiles of each model at
each landmark are fused using (1) and the covariance
matrices using (4), which directly uses covariance matrices
instead of their eigendecompositions.

One may notice that the center of the fused eigenspace in

Fig. 1 incidentally does not belong to any of three clusters of

points (in this specific case) and one may suspect that the

fused PDM will thus represent implausible shapes. But, it

must be noted that the fusion framework was developed in

such a way that fusing two eigenspaces, constructed from

several sets of data, is equivalent to constructing a new

eigenspace from all of the sets. Therefore, if constructing the

model from all the observations is meaningful, then the fusion

will result in a meaningful model too. Hence, the apparent

inconsistency reveals rather a feature of data than of the

fusion technique.

4 AAM FUSION

4.1 Introduction

Let us assume that we are givenMAAMs and that each model
has an associated weight wi such that they altogether add to
one. The first component of an AAM that we are going to
consider is a PDM, which describes the shape variation
(learned the from training set) of the object of interest. The
classical linear PDM used in AAM is defined as in the
previous section by:

xij ¼ �xi þ�sib
s
ij; i ¼ 1; . . . ;M; ð5Þ

where the n-vector xij is the jth training shape instance for
the ith PDM, the n-vector �xi is the mean shape for
ith PDM, the n�mi matrix �si is the matrix of
eigenvectors, and bsij are mi coordinates of xij in the
subspace spanned by �si. The eigenspace associated with
each PDM is �si ¼ ð�xi;�si;�si; NiÞ. The letter “s” in
subscript or superscript of a symbol relates the latter to
the PDM. It must be also mentioned that our technique
requires that all the PDMs use the same landmark
placement and, thus, to have the same number of
landmarks.

The next component of an AAM is a Texture Model
(TM). TMs are constructed from the intensity values of
pixels inside the shape.

A linear TM is defined by

gij ¼ �gi þ�gib
g
ij; i ¼ 1; . . . ;M; ð6Þ

where the ki-vector gij is the jth texture instance for the

ith TM, the ki-vector �gi is the mean texture for ith model,

the ki � li matrix �gi is the matrix of eigenvectors, and bgij
are the li projections of gij in the subspace spanned by �gi.

The corresponding eigenspaces are �gi ¼ ð�gi;�gi;�gi; NiÞ.

The values ki and li have been determined during the

construction of the TMs to be fused. The letter “g” in

subscript or superscript of a symbol relates the symbol to

the TM.
Having parameterized shape and texture, a combined

AAM is constructed and defined by:

bij ¼ �ci cij; i ¼ 1; . . . ;M; j ¼ 1; . . . ; Ni ð7Þ

with a ðmi þ liÞ � qi eigenvector matrix �ci. The ðmi þ liÞ-
vector bij is constructed from the corresponding ith TM

parameters and ith PDM parameters as follows:

bij ¼
Wci � bsij

bgij

� �
¼ fWci �

bsij
bgij

� �
; fWci ¼

Wci 0
0 I

� �
:

Wci being a diagonal mi �mi matrix of weights, calculated

from the eigenvalues of the PDM and TM, used to make shape

and texture parameters commeasurable [4]. The correspond-

ing eigenspaces are defined by �ci ¼ ð0;�ci;�ci; NiÞ. The

value qi has been determined during construction of the

ith ASM’s combined model. The letter “c” in subscript or

superscript of a symbol relates the symbol to the combined

model.
Matching the above combined AAM to an image is

performed in an iterative manner using the prediction

matrices calculated during model construction. These

matrices provide a linear relationship between the differ-

ences in texture and the differences in parameters of the

corresponding model. Each of these matrices being multi-

plied by the difference between the sampled and modeled

texture gives as a result the difference of the model

parameters. The latter provides updates to the model

driving it to the best fit by minimizing the texture difference

[21]. In this context, the following equalities hold:

Rc � r c�; t�ð Þ ¼ �c;

Rt � r c�; t�ð Þ ¼ �t;
ð8Þ

where �c ¼ c� c� and �t ¼ t� t� are the differences in

model and pose parameters, c� and t� are current estimates of

the parameters and rðc�; t�Þ ¼ gimageðc�; t�Þ � gmodelðc�; t�Þ is

the texture residual (i.e., the difference between the texture

sampled from the image under the shape generated by the

model with parameters c�, t� and the texture generated by the

model with the same parameters). For a more detailed

explanation of the AAM matching process, please refer to

[21]. The matrices Rc and Rt are the inverse of the Jacobians

that are calculated during model building, the former is used

for estimating the displacement of model parameters and the

latter for pose parameter displacement. Every jth column of

ith Jacobian is calculated by the formula [21]:

@r

@qij
¼ 1

Ni

XNi

l¼1

X
k

K �qijk

� 	 �rli
2�qijk

; ð9Þ

where Kð�Þ is a weighting kernel (e.g., Gaussian) and �rli is

the difference between residuals corresponding to positive

and negative parameter displacements in the lth image
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from the ith training set [21] and �qijk is the kth displace-

ment in parameter j for the ith model.
Having considered the above information we come to the

conclusion that fusing several active appearance models

involves the following steps:

1. fusing the point distribution models of different
AAMs,

2. fusing the texture models of the AAMs,
3. creating a combined appearance model from the

fused point distribution and texture models, and
4. combining the prediction matrices of AAMs.

4.2 Fusing the Point Distribution Models

The PDMs are fused in exactly the same way as those of

ASM, described in Section 3. As the result, a fused PDM is

obtained:

xj ¼ �xþ�sb
s
j ; j ¼ 1; . . . ; N ð10Þ

with the corresponding eigenspace �s ¼ ð�x;�s;�s; NÞ, �s

being a n�m matrix with m determined during fusion.

To simplify notation, in subsequent formulation, we will

assume that the eigenvectors �si (but not the means) are

already transformed by �i.

4.3 Fusing Texture Models

The fusion of texture models is more complex because the

model deals with textures in vector form. Therefore, all the

information about spatial relationships among the pixels is

lost and the texture vector is bound to the shape from which

it was sampled (e.g., to the mean shape �xi, for some i). As a

consequence, to fuse TMs, all the textures must be warped

onto the fused mean shape �x.

Let us define M warping functions of texture: the ith

warp corresponds to a mapping of the ki-dimensional

texture vector from the mean shape �xi of the ith PDM (5) to

the k-dimensional texture vector corresponding to the mean

shape �x of the fused PDM (10):

�i gij
� �

¼ egij; ð11Þ

where k is determined by the the number of pixels within

the �x. Note that the �xi are not those aligned to �x during

PDM fusion, but are the original ones.

The transformations (11) are linear functions of texture.

This statement follows from the fact that these warp

transformations only move pixels from one place to another

with the help of interpolation when the required intensity

does not have integer coordinates within the image. But,

any interpolation that is a linear function of pixel intensities,

preserves the linearity of the warp (see Appendix B, which

can be found at http://computer.org/tpami/archives.htm).

Although linear interpolation is almost ubiquitous, this

comment was made just in case someone would try to use

the nonlinear one.

To fuse the texture models (6), all the textures have to be

warped from their original shapes to the mean shape �x. Due

to the linearity of the warp

�i gij
� �

¼ �i �gið Þ þ �i �gi

� �
� bgij; ð12Þ

where �ið�giÞ is a matrix whose columns are the columns of

�gi warped by �i. Therefore, warping gij is equivalent to

warping the mean and the basis vectors, and the fused

texture model is thus obtained by fusing the modified

eigenspaces e�gi ¼ ð�ið�giÞ; �ið�giÞ;�gi; NiÞ; i ¼ 1; . . . ;M. One

may note that �ið�giÞ is, in general, no longer orthonormal,

but this is not required for fusion (see Appendix C, which

can be found at http://computer.org/tpami/archives.htm).
Fusing all the e�gi yields a fused TM corresponding to the

point distribution model (10)

gj ¼ �gþ�gb
g
j ; j ¼ 1; . . . ; N ð13Þ

with the eigenspace �g ¼ ð�g;�g;�g; NÞ, �g being a k-vector

and �g a k� l matrix (l is determined during fusion).

4.4 Creating a Fused AAM

At this point, a fused AAM model has to be constructed

from the fused PDM and TD models:

bj ¼ �c cj; j ¼ 1; . . . ; N; ð14Þ

where �c is a ðmþ lÞ � q matrix (q is determined during

fusion) and bj is the following ðmþ lÞ-vector:

bj ¼
Wc � bsj

bgj

� �
¼ fWc �

bsj
bgj

� �
; fWc ¼

Wc 0
0 I

� �
:

The matrix Wc is readily calculated from �g and �s as

Wc ¼ I �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tr �g

� �
tr �sð Þ

s
;

where trð�Þ stands for the trace of a matrix.

By construction, the mean of the combined model is zero

and, therefore, only �c and �c remain to be estimated.
Let Ci ¼ �ci�ci�

T
ci be the covariance matrices of the

corresponding AAMs combined models (7) and let C ¼
�c�c�

T
c be the covariance matrix of the fused combined

model (14).

It is possible to show that the relationships between the

bases �si and �s are given by (see Appendix D, which can

be found at http://computer.org/tpami/archives.htm)

bsj ¼ ��1
s �sib

s
ij ð15Þ

and, similarly, the relationships between the bases �gi and

�g are given by

bgj ¼ Ti � bgij; Ti ¼ ��1
g � �i �gi

� �
ð16Þ

with Ti being a l� li matrix.

Rewriting the expression for Ci (according to the

definition of covariance matrix), we can obtain

Ni � 1ð Þ �Ci ¼ Ni � 1ð Þ ��ci�ci�
T
ci

¼ fWci �
XNi

j¼1

bsij � bsij

� 	T
bsij � bgij

� 	T
bgij � bsij

� 	T
bgij � bgij

� 	T
264

375
0B@

1CA � fWT
ci
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or, equivalently,

XNi

j¼1

bsij � bsij

� 	T
bsij � bgij

� 	T
bgij � bsij

� 	T
bgij � bgij

� 	T
264

375
¼ Ni � 1ð Þ � fW�1

ci �Ci � fW�T
ci :

ð17Þ

Let us write the expression for the unbiased estimate of C

(see Appendix A, which can be found at http://computer.
org/tpami/archives.htm):

1�
XM
i¼1

Nip
2
i

 !
�C

¼ fWc �
XN
j¼1

bsj � bsj

� 	T
bsj � bgj

� 	T
bgj � bsj

� 	T
bgj � bgj

� 	T
264

375 � Pr zj
� �0B@

1CA � fWT
c

substituting the expressions (15), (16) into the last equation
and using (17), it is easy to obtain the following:

C ¼ 1

1�
PM
i¼1

Nip
2
i

��
XM
i¼1

Ni � 1ð Þ � �iCi�
T
i � pi

� � !
�T ; ð18Þ

where

� ¼ Wc�
�1
s 0

0 I

� �
; �i ¼ �siW

�1
ci 0

0 Ti

� �
:

� is a ðmþ lÞ � ðnþ lÞmatrix (the contained identity matrix
I is a l� l matrix), and �i is a ðnþ lÞ � ðmi þ liÞ matrix.

�c and �c are finally calculated by eigendecomposi-
tion of C:

C ¼� �c�c�
T
c : ð19Þ

The eigenproblem (19) can also be rewritten in the
following form:

PM
i¼1

Ni � 1ð Þpi � ��i�cið Þ�ci ��i�cið ÞT
n o

1�
PM
i¼1

Nip2
i

¼� �c�c�
T
c

and solved using the eigenspace fusion algorithm from
Section 2. To be more precise, the algorithm should be
applied to the eigenspaces e�ci ¼ ð0;��i�ci;�ci; NiÞ.

5 FUSING THE PREDICTION MATRICES

Due to (9), the jth column for the fused Jacobian is as
follows:

@r

@qj
¼
XM
i¼1

pi
XNi

l¼1

X
k

K �qijk

� 	 �rli
2�qijk

" #
¼
XM
i¼1

Nipi
@r

@qij

" #
or denoting the M model Jacobians by Jci ¼ R�1

ci (each
being a ki � qi matrix), the pose Jacobians by Jti ¼ R�1

ti

(ki � 2d matrix each,1 where d is the dimensionality of the
landmarks), for i ¼ 1; . . . ;M (Rti and Rci are stored with

the AAMs) and the fused model and pose Jacobians by Jc
and Jt, respectively, we can write

Jc ¼
XM
i¼1

NipiJci; Jt ¼
XM
i¼1

NipiJti: ð20Þ

There are several issues that prevent direct application of

(20): The Jacobians, in general, have a different number of

rows and columns. In other words, different AAMs have a

different number of parameters and different texture

lengths. First, let us deal with the differences in the texture

length. As we already did for texture models, we must

warp the Jacobians. So, we warp each column of each

Jacobian (using �i for Ji) to obtain the new ones, such that

they are k� q and k� 2d matrices

eJci ¼ �i Jcið Þ; eJti ¼ �i Jtið Þ:

Now, we need to handle the problem of different

number of parameters. Since there is a constant number of

parameters for the pose, eJti requires no special handling.
Let us rewrite the part of (8) responsible for ith model

parameters

eJci ��cij ¼ r c�; t�ð Þ: ð21Þ

By substituting the coordinate transformations (15) and

(16) into the definition of the combined model (7), we can

obtain the transformation between cij and cj

Wcib
s
ij

bgij

" #
¼ �cicij )

Wci�
�1
si �sb

s
j

T�1
i bgj

" #
¼ �cicij

Wci�
�1
si �sW

�1
c 0

0 T�1
i

 !
Wcb

s
j

bgj

" #
¼ �cicij

e�ci ¼
Wci�

�1
si �sW

�1
c 0

0 T�1
i

 !�1

��ci ¼ ��i�ci

Wcb
s
j

bgj

" #
¼ e�cicij:

The transformation is as follows:

cij ¼ e��1
ci ��c � cj: ð22Þ

Substituting (22) into (21), we obtain

~Jci ~��1
ci �c�cj ¼ r c�; t�ð Þ:

Summarizing, we can rewrite (8) as

�i Jcið Þ � e��1
ci �c

h i
��cj ¼ r c�; t�ð Þ;

�i Jtið Þ ��tj ¼ r c�; t�ð Þ;

providing a transformation for each Jacobian:

Ĵci ¼ �i Jcið Þe��1
ci �c; Ĵti ¼ �i Jtið Þ

and, finally, the fused Jacobians are

Jc ¼
XM
i¼1

NipiĴci; Jt ¼
XM
i¼1

NipiĴti:
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The fused prediction matrices are calculated by

Rc ¼J�1
c ¼

XM
i¼1

Nipi � �i R�1
ci

� �e��1
ci

 !
��c

" #�1

;

Rt ¼J�1
t ¼

XM
i¼1

Nipi � �i R�1
ti

� �" #�1

;

ð23Þ

being q � k and 2d� k matrices, respectively.
The obtained prediction matrices are ready to be plugged

into the usual AAM matching algorithm [21] to link pixel
intensity differences with the displacements of model
parameters.

6 AAM FUSION ALGORITHM OUTLINE

Let us briefly summarize here the steps required to fuse
Active Appearance Models:

1. PDM Fusion. Align the mean shapes �xi by Procrustes
Analysis. Compute the fused mean shape �x and the

transformations �i that align �xi to �x for every

ith model. Use each of the �i to transform the

eigenvectors of the corresponding PDM. Fuse the

eigenspaces of the input PDMs with the modified

means and the transformed eigenvectors by the

proposed eigenspace fusion algorithm to obtain a

fused PDM (10).
2. TM Fusion. Calculate the spatial warps �ið�giÞ and

�ið�giÞ in order to update the TM eigenspaces toe�gi ¼ ð�ið�giÞ; �ið�giÞ;�gi; NiÞ; i ¼ 1; . . . ;M. Fuse them

using the proposed eigenspace fusion algorithm to

obtain the fused TM (13).
3. Fusion of the Combined Models. Calculate Wc and fuse

the eigenspaces e�ci ¼ ð0;��i�ci;�ci; NiÞ to obtain

the eigenvalues and eigenvectors for the fused AAM

(see Section 4.4). Remember that �si appearing in �i

are the realigned PDM’s eigenvectors.
4. Fusion of the Prediction Matrices. Fuse the prediction

matrices using (23).

7 RESULTS

In this section, we will use frequently such terms as fused
and full model. Given a set of observations to use for model
construction, by fused model we mean that the set was split
into two subsets, a model was constructed from each subset,
and those models were fused with equal weights. Corre-
spondingly, the full model is the model constructed directly
from all the observations of the set at once.

To illustrate and evaluate the developed framework, the

AR database [22] has been chosen. Four expressions of

133 men and women, as in Fig. 2, were taken for testing. All

the faces had been landmarked using the 98-point template

shown in Fig. 3.

First, we compare the fused and full models on the basis of

the compactness, generalization and specificity measures of

the fused AAM (since the PDM is a part of the ASM, the tests

will also demonstrate the equivalence of the fused and full

ASMs). These measures, computed for different number of

model modes m, are formally given by the following

formulas [23]:

. Compactness is defined by

C mð Þ ¼ 1

tr �cð Þ
Xm
i¼1

�i;

where �i is ith largest eigenvalue from �c (19).
. Generalization is computed by

G mð Þ ¼ 1

UUj j
XUUj j
i¼1

ûi mð Þ � uik k;

where jj � jj is the Euclidean orL2 norm, jj � jj stands for
the cardinality of a set, UU is the training set of
observations, ûiðmÞ is an approximation to the
observation ui obtained by the model, constructed
from the set UUnfuig, using only the m first modes of
variation.

. Specificity is assessed, finally, by

S mð Þ ¼ 1

VVj j
XVVj j
i¼1

vi mð Þ � eu við Þk k;

where euðviÞ ¼ arg minu2UU jjviðmÞ � ujj, and VV is a
set of observations corresponding to the random
sampling of model’s subspace (parameter space of
PDM or TM defined by eigenvectors).

These measures were originally proposed for PDM
evaluation, but we shall use them to evaluate the combined
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Fig. 2. The four expressions taken from the AR database (from left to

right): neutral, smiling, angry, and screaming.

Fig. 3. Ninety-eight-point landmarking template used in experiments.

Each landmark has a number associated with it for the reference.



model of AAM (14). Since the latter describes variation in
both shape and texture, the specificity and generalization are
computed separately in terms of shape and texture. To
make the measurements in terms of shape independent of
the face size, they are normalized by the distance between
the two eye-centers in the manually landmarked face.

To evaluate the above mentioned performance measures
the subjects from the AR database were randomly divided
into two subsets of equal size. The full and the fused model
were constructed from these sets, followed by calculating
the above mentioned figures of merit. Figs. 4, 5, and 6
provide the plots of specificity, generalization, and compact-
ness, respectively, of the combined model of the AAMs. The
bars show 95 percent confidence interval (according to the
t-Test) for the hypothesis that the performance of both full
and fused models is equal.

To investigate the performance of the fused model in terms
of segmentation accuracy, 10 segmentation experiments were
performed, each consisting of the following steps. From the
total of 532 AR database images, 266 (one half) were randomly
chosen as a training set and randomly split into halves:
training subset 1 and training subset 2. The whole training set
of 266 images was used to construct the full ASM and AAM
models. Training subsets 1 and 2 were used to construct two
AAM and two ASM submodels which were subsequently

fused with equal weights to get the fused AAM and ASM. The
remaining 266 images (not used in model construction) were
used to test the segmentation performance of both fused
AAM and ASM. Each image in this testing set was segmented
by the full and the fused AAM and ASM and point-to-point
errors were computed with respect to the manual segmenta-
tion. To provide a scale independent measurement, every
error was normalized by the intereye distance (between the
eye centers) of the corresponding manually landmarked
shape. In other words the error is given as a percentage of the
intereye distance. The mean point-to-point segmentation
errors together with their 95 percent confidence intervals are
presented in Fig. 7 for ASM tests and Fig. 8 for AAM tests. As it
can be seen from these figures, the fused ASM model behaves
like a normal ASM model, while the fused AAM exhibits
some very small difference of unlikely practical relevance.

The performance comparison in terms of speed can be

found in Table 1. The first column shows the total number

of observations used for model construction. To construct a

fused model this set was split in halves, two submodels

were constructed and the time it took to fuse them is

displayed in the table in “AAM Fusion” and “ASM Fusion”

columns. The total time of constructing the two submodels
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Fig. 4. Specificity of the combined model of the full and fused AAMs:

(a) computed from shape distances and normalized by the distance

between the eyes and (b) computed from texture distances.

Fig. 5. Generalization of the combined model of the full and fused AAMs:

(a) computed from shape distances and normalized by the distance

between the eyes and (b) computed from texture distances.

Fig. 6. Compactness of the combined model of the full and fused AAMs.

Fig. 7. Comparison of the mean segmentation errors, as a percentage of

the intereye distance, for ASM fused and full models in 10 experiments

using the test sets from the AR database.

Fig. 8. Comparison of the mean segmentation errors, as a percentage of

the intereye distance, for AAM fused and full models in 10 experiments

using the test sets from the AR database.



and fusing them is shown in the “AAM Fused” and “ASM

Fused” columns. The “AAM Batch” and “ASM Batch”

columns display the time of a batch construction of a

corresponding model from all the observations. Note that

the comparison was performed for 200, 400, and 600 images

but the table also shows batch construction time for 100 and

300 images to show the time it takes to construct the

submodels. It can be noted that for AAM there is a

significant time saving when the model is constructed by

the fusion of two submodels, while there is no difference for

ASM. Nevertheless, in a scenario when different weighting

of observations is required (for example, the continuous

model update giving the new observations more weight), a

complete batch model construction would be required at

each update, while using the fusion, only one model from

the new observations should be constructed and fused with

the already constructed model of the old observations. And

in this case, the time saving is even bigger.

As a second illustration of our technique, we performed an

identity verification test in order to analyze whether by fusing

models constructed from different databases an increase in

verification performance can be obtained. In this experiment,

two AAMs were constructed from two databases: AR [22] and

Equinox [24]. Then, these models were fused with equal

weights to obtain a fused AAM. Finally, the fused model

together with the models constructed from each of the

databases were used to segment images from a third

database: XM2VTS [25]. Using the segmentation results,

classification tests were performed on the XM2VTS database.

To extract the features for classification, all the images were

segmented by AAMs and the texture was sampled from the

resulting shapes. These textures were then projected onto the

subspace of the texture model of the corresponding AAM.

The resulting parameters were used for classification. The

angular distance between vectors was taken as a distance

measure [26]. DET curves for all three models, according to

two standard configurations [25], are shown in Fig. 9. The

curve corresponding to the fused model is, in principle,

between the other two curves and there is no improvement.

This is likely because both AR and Equinox databases have

faces with the same expressions (except for widely open

mouths in AR) and the fusion introduced no additional

information. The model constructed from the Equinox

database demonstrated the best performance because it has

much less variation in expression while the AR has screaming

faces, which introduce large variations into the data.

Finally, we demonstrate how fusion can improve seg-

mentation by adding new information. To that end, two

subsets were extracted from the database: faces with closed

and open mouths (first and fourth expression in Fig. 2,

133 images each). Two AAM models were built from these

sets, one from closed-mouth faces and one from open-mouth

faces. Hence, the model built from one set should not be able

to segment any expression from the other one (e.g., the model

built from closed mouths, having no open mouths in the

training set, cannot represent an open mouth). Then, these

models were fused with equal weights to form the fused

AAM. To evaluate the performance, a segmentation of

133 faces with half-open mouth (second expression in

Fig. 2) has been performed using both the original models

and the fused one. Mean point-to-point segmentation errors,

normalized by the intereye distance, together with 95 percent

confidence intervals are shown in Fig. 10. An example of such

a segmentation can be seen in Fig. 11. The fused model in

Fig. 11a exhibits a significant improvement of mouth

segmentation when compared to the AAMs constructed only

from the closed-mouth or open-mouth images (Figs. 11b and

11c). The fused AAM, having more information about the

mouth variability, was able to segment it with much higher

precision than the other two models.
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Fig. 9. DET curves of classification tests on XM2VTS database using the

fused model and the models built from the AR and EQUINOX

databases. Classification is performed according to the configurations

1(a) and 2(b) [25], plotted on logarithmic scale.

Fig. 10. Comparison of the mean segmentation errors, as a percentage

of the intereye distance, of the open-mouth model, closed-mouth model,

and their fusion.

TABLE 1
Fusion Execution-Time Comparison



8 CONCLUSIONS AND FUTURE WORK

The paper presented a method to fuse active shape and
active appearance models, as well as a generalization of the
eigenspace fusion algorithm originally proposed in [1].
Experiments demonstrate that, in practice, the fused ASM
performs similarly to the full ASM, while the fused AAM
slightly differs from the full AAM but with unlikely
practical implications.

On the other hand, we can conclude that, essentially, the

fusion is useful when either new information (such as new

expressions in the last experiment of Section 7) can be

introduced as a result of fusion, when the model needs to be

updated online, or when the original observations are

unavailable to reconstruct the model from both past and

new observations. The proposed technique paves the way

for saving time during AAM model construction by

splitting the training set in several subsets and parallelizing

the training procedure on each subset separately. Having

constructed one AAM per subset, they can be fused using

the proposed framework.
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Fig. 11. Example segmentations by the (a) fused AAM against

(b) closed-mouth and (c) open-mouth models.
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